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Limits

Dr. Sandeep kumar
Shaheed bhagat singh college

University of Delhi
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1.1

Learning Objectives

. Understanding the concept of limit informally using graphs and numerical calcula-
tions.

Understanding the concept of left-hand limit and right-hand limit.

. Understanding € — 9 definition of limit.

Understanding infinite limits and limits at infinity.

. Understanding vertical and horizontal asymptotes of a curve.



1.2 Introduction

The concept of limit is fundamental to the study of Calculus. In the subsequent lessons, we
will see how the definition of /imit is used in the other important concepts like continuity,
differentiability, curve tracing, mean value theorems, and intermediate forms. The concept
of limit is very much similar to the notion of closeness. It basically talks about how a
function behaves when its independent variable is close to a particular value. First, we will
informally introduce the concept of /imit using graphs and numerical calculations. Later

we will define it more formally.

1.3 Informal approach to Limit

f(x)

f(x)

i

xT

Figure 1.1: Graph of the function f(z) = 2> — x + 5.

T <3 r>3
z @) . @)
2 7 4 17
2.5 8.75 3.5 13.75
2.9 10.51 3.1 11.51
2.99 10.95 3.01 11.05
2.999 10.99 3.001 11.005

Table 1.1: Values of function f(z) = 2* — x + 5 for z close to 3.




To get an informal idea of limit, consider the graph of the function f(z) = 2> — x + 5
shown in the Figure 1.1. We can see that as = approaches closer to 3 (not equal to 3) from
either left side of 3 (x < 3) or right side of 3 (z > 3), the function values approach closer
to 11. The same is also evident from the Table 1.1. We express this fact as - “limit of the
function f(z) = #? — x + 5is 11, as  tends to 3” and denotes it by writing:

f(r)=2>—-2+5—11 when z—3

more formally
lim(z® — o +5) = 11
T—3

Based on the above discussion, let us informally define the Limit of a function at a given
point.

Definition 1.1. (Informal Definition of Limit)

If the function f(z) takes values close to a finite real number L, by taking values of x
sufficiently close to a (but not equal to a), then we say that limit of f(x) is L, as = tends
(approaches) to a. We write it as:

f(z) = L when z—a

or

lim f(z) =L

r—a
Remark. One must note that in the above definition and discussion, we are not considering
the function value at z = a. We only consider the function values close to x = a from both
left (x < a) and right (x > a) of a.

Example 1.1. Examine the limit of the following function by taking the values of = near 3
and plotting the graph of the function.

_ P~z +5 x#3
f(m)_{o v=3

Solution. It is evident from the Table 1.1 and the graph of the function in Figure 1.2, that
f(z) takes values close to 11 as x takes values close to x = 3 from both ( left as well as
right) sides. Hence by using the definition 1.1, we can conclude that

lim f(z) =11

r—3

Remark. One must note that in the above example though f(3) = 0, but the limit definition
does not consider the function value at z = 3.



3

€T

£r

Figure 1.2: Graph of the given function f(x).

Figure 1.3: Graph of the function f(z) = sin(2z)/x.

x sin(2x)/x
+1 0.909297
+0.5 1.68294
+0.1 1.98669

+ 0.01 1.99987

Table 1.2: Values of the function f(x) = sin(2z)/z for = close to 0.

Example 1.2. Use definition 1.1, to show that

in(2
lim sin(2x)
x—0 €T

=2

Solution. From the graph of the function shown in Figure 1.3 and Table 1.2, one can
observe that the function takes values close to 2, as = takes values close to O from both



sides. Hence by using the definition 1.1, we can conclude that

in(2
lim S0022)

x—0 x

_ Sin(2z)
- T

Remark. Here the function f(z) is not defined at x = 0.

We can not always rely on numerical values of f(z) to conclude about the existence
of the limit of f(x) at a point. For example, consider the numerical values of the function
f(z) = sin(mw/z) for the values of x close to zero, as shown in Table 1.3. It gives an
impression as if the function has a limit O at the point x = 0, but this is not true. From
the graph of the function shown in Figure 1.4, one can observe that the function oscillates
between -1 and 1 with increasing frequency as z approaches towards zero. So we conclude
that the limit does not exist at x = 0.

x T/x sin(m/x)
+1 +7 0
+ 0.1 +107 0
+ 0.01 £1007 0
+ 0.001 £+10007 0
£ 0.0001 £100007 0

Table 1.3: Function f(z) = sin(mw/x) values close to 0.

Figure 1.4: Graph of sin(w/z)

1.4 One-sided Limits

The Definition 1.1 for the limit L of a function f(z) at x = a, considers the values of f(x)
approaching to L from above (f(z) > L) and from below (f(f) < L) as x approaches
to a from left (z < a) and from right (x > a). Therefore L is called two sided limit of



f(z) as x tends to a. Some functions behave differently on the two sides of point a. For
example, note the graph of the function |z|/z shown in the Figure 1.5. One can see the
function approaches to 1 if & approaches to zero from the right and it approaches to -1 if
x approaches zero from the left. In view of this observation, we introduce one-sided limits
namely - the left-hand limit and right-hand limit of a function at a point.

Definition 1.2. Informal definition of one-sided limits

(Right-hand Limit: ) Let a function f(x) be defined for all z > a. If f(x) takes values
close to L, by taking values of x sufficiently close to a from the right side, that is, for z > a,
then we write

f(z) = L when x—a
or

lim f(z)=1L

z—at

and L is called the right-hand limit of f(x) at a.
(Here x — a* means x approaches to a from right, that is for x > a.)

(Left-hand Limit: ) Let a function f(xz) be defined for all z < a. If f(x) takes values
close to L, by taking values of z sufficiently close to a from the left side, that is, for z < a,
then we write

flz) = L when z—a”
or

lim f(z) =1L

T—a—

and L is called the left-hand limit of f(z) at a.
(Here z — a~ means x approaches to a from left, that is for z < a.)

Example 1.3. If f(z) = |z|/z, show that:
lim f(z)=1 and lim f(x)= -1

z—>071 z—>0"

Proof. We know |z| =z if x > 0 and |z| = —z if x < 0, this implies
r/jr =1 if >0
fz) = / . (1.1)
—zx/x=-1 if <0

Thus as x approaches to 0 from left (that is x < 0), f(z) approaches to -1 and as x
approaches to 0 from right (that is z > 0), f(z) approaches to 1. So lim, -o+ f(z) =
1 and lim, -o- f(z) = —1.

One can also conclude the same with the help of the graph of the function shown in the
Figure 1.5. U



Figure 1.5: Graph of |z|/x

Remark. From the Definitions 1.1 and 1.2, one can conclude that
lim f(z) =L < lim f(z)= lim f(z)=1L
T—a z—at T—a—

where L is the finite real number. We have the following theorem.

Theorem 1.1. (Necessary and Sufficient Condition)
Let f : R — R and a € R, then limit lim f(z) exists if and only if both lim+ f(z) and
T—a r—a

lim f(z) exists and they are equal.
Tr—a~

Theorem 1.2. (Non-existence of Limit) The limit lim f(x) does not exist if:
Tr—a

(i) either of the one-sided limit does not exist, that is lim_ f(z) or lim f(x) does not
T—a T—a~

exist.

(ii) both one sided-limits exist but are unequal, that is lim+ f(x) # lim f(z).

r—a Tr—a~

Since in the example 1.3, we have:
li =1#—-1=1i
lim f(x) # lim f(z)

Therefore, we can conclude that liII(l) f(x) does not exist in this case.
r—

1.5 ¢ — ¢ Definition of Limit (Formal Definition)

The graphical and numerical technique to calculate the limit of a function presented in the
last sections is insufficient to establish various results (theorems) involving limits. We need
a precise definition that can establish limit of a function without any doubt, and that can
be used to establish important results about limits. As seen in definition 1.1, the notion
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Figure 1.6: Understanding ¢ — ¢ definition of limit.

lim f(z) = L means that the values of the function f(x) can be made close (as close as we
Tr—a

want) to L, by taking values of z sufficiently close to a (not necessarily at a). We need to
define the notions of ‘as close as we want’ and ‘sufficiently close to @’ mathematically.

Consider the function f(x) shown in the Figure 1.6(a), which converges to L as x
approaches to a. We have shown a blank space in the graph at x = a to emphasize that
f need not be defined at x = a. Now lets try to capture the notion of ‘making values of
f as close as we want to L’ by saying that the values of f(x) lies in between L — € and
L +¢€(thatis L — e < f(x) < L + ¢), where we can choose ¢ > 0 as much small as we
want. Now the challenge is to determine how much close we need to go * = a to ensure
L — e < f(x) < L+ e. To answer this, let us do the following.

Draw horizontal lines from the points L — e and L + € on y — axs till they intersect the
curve y = f(x) as shown in Figure 1.6(b). Now draw vertical lines from these intersection
points on the curve till the x — axis. Let these vertical lines meets at the points zy and



x1 respectively on x — axis. This impels that whenever x lies in the open interval (z¢, 1)
containing a, f(z) lies in the open interval (L — €, L + ¢€), containing L, as shown in Figure
1.6(c).

Notice that the open interval (zg, z1), extends more in left (towards z) than right (to-
wards x1). To make the formal definition of limit that can be used to derive many important
results regarding limits, it is useful to have an equidistant interval centered at a. For this
purpose lets choose a number 6 < Min(a — xg,z1 — a), then one can see that whenever
x lies in the open interval (a — §,a + J), f(x) lies in the open interval (L — €, L + ¢), as
shown in Figure 1.6(d).

The fact that f(z) lies in the open interval (L—e, L+¢) can be captured as | f(x)—L| < €
and the fact « lies in the open interval (a—d, a+J), z # a can be captured as 0 < |z—a| < 9.
With this discussion, let’s define the limit of a function in a more precise mathematical way.

Definition 1.3. (Formal definition of limit)
Let f be a function defined on an open interval containing a, but not necessarily at a.
We say that lim f(x) = L, if given any € > 0, there exists a § > 0, such that:
T—a

|f(z) — L| <e whenever 0< |z —a|<§¢

Remark. One must note that the value of 0 is not unique. In particular, if 9 = ¢ satisfies
the conditions in the above definition, then any other value 6 < ¢y will also satisfy the
conditions.

Example 1.4. By using € — § definition, prove that lim ¢ = ¢, where c is any real number.
Tr—a

Solution. Here we have f(z) = ¢, L = c¢. We need to show that given any € > 0, there existsa 0 >
0, such that:

|f(z) — L| <e whenever 0< |z —a| <

thatis |f(z) — ¢| <e whenever 0 < |z —al <.
Here |f(z) — ¢| = |c — ¢| = 0 < ¢, is always true.

Hence by definition 1.3, lim ¢ = c.
Tr—a

Example 1.5. By using € — ¢ definition, prove that lim x = a, where a is any real number.
Tr—a

Solution. Here we have f(z) = =, L = a. We need to show that given any € > 0, there existsa ¢ >
0, such that:

|f(z) — L| <e whenever 0<|zx—a|<?d
thatis |f(z) —a| < e whenever 0 < |r —a| <.
Here |f(x) — a| = |* — a| < ¢, whenever |z — a| < §(= ¢€).

Hence by definition 1.3, lim z = a.
Tr—a

Example 1.6. By using ¢ — § definition, prove that lin%(Qa: +3)=5.
T—r



Solution. Here we have f(x) = 22 + 3,L = 5,a = 1. We need to show that given any
€ > 0, there exists a 0 > 0, such that:

|f(z) — L| <e whenever 0<|zx—a|]<d
thatis |f(z) — 5] <e whenever 0 < |z —1| <.

Now |[f(x)—L|<e
whenever |(2z+3) —5| <e€
or [2x—2|<e
or 2z —1|<e
or |z—1|<¢/2

Therefore for € > 0, there exists § = ¢/2, such that | f(z) — 5| < € whenever |z — 1| <

i(=¢€/2).
Hence by definition 1.3, lirq(Qx +3) =5.
T—r

Note. Note that in the above example, the inequality | f(z) — L| < e, is true for |z —a|] < §
(that is, for z = a also), although we need it for 0 < |z — a| < J only.

To further understand, how the choice of e affects the resulted § in the above exam-
ple one can have a look at Figure 1.7. One can see how for different values of ¢ =
1,0.5,0.25,0.1 and corresponding values of 6 = 0.5,0.25,0.125, 0.05 respectively ensures
that the function values lies in the interval (5 — €, 5 + €).

In-text Exercise 1.1. By using € — § definition, prove that lir% (4x — 3) = 5.
T—r
Example 1.7. By using € — § definition, prove that lirr% |z — 1| =0.
—

Solution. Here we have f(x) = |z — 1|, L = 0,a = 1. We need to show that given any
e> 0,4 ¢ > 0, such that:

|f(z) — L| <€ whenever 0< |z—a|l<$
that is,

f(z) — 0] <e whenever 0 < |z—1] <.

Now |f(z)—L|<e
whenever ||z —1|—0| <e
or |[r—1|<e

Therefore for € > 0, there exists 0 = ¢, such that | f(z) — 0] < e whenever |z — 1| <
i(=e).
Hence by definition 1.3, lirq |z — 1| =0.
z—

10
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Figure 1.7: Graphical representation of f(x) € (5 — ¢,5 + ¢€) for corresponding = €
(1-6,1490)

Example 1.8. Prove that lin%) Sin(x) = 0, by using € — § definition.
T—

Solution. Here we have f(x) = Sin(z), L = 0,a = 0. We need to show that given any
e>0,3 ¢ >0, such that:

|f(x) —L| <e whenever 0< |z—al<$§

thatis |f(z) — 0] <e whenever 0 < |z —0| <.

Now |f(x)—L| <e
whenever |Sin(z) — 0| <€

or |Sin(x)| <e

As |Sin(z)| < |z| for all z € R, so if we take § = ¢, then |Sin(z)| < e whenever
|z — 0] < (= e).

11



Hence by definition 1.3, hH(l) Sin(x) = 0.
T—
Example 1.9. Prove that lir% xSin(1/x) = 0, by using € — § definition.
T

Solution. Here we have f(z) = zSin(1/x),L = 0,a = 0. We need to show that given
any € > 0,3 0 > 0, such that:

|f(z) — L| <e whenever 0< |z—a|l<$
thatis, |f(xz) — 0] < e whenever 0 < |z —0| <.

Now |f(z) — L| = |zSin(1/z)]|
= [2||Sin(1/z)]
<|z|, as |Yin(l/z)] <1 forall zeR

If we take 0 = ¢, then |zSin(1/x)| < e whenever |z — 0] < d(= ¢).
Hence by definition 1.3, hII(l) xSin(1/x) = 0.
T—

2

Example 1.10. Prove that lim <

x—3 T —

= 6, by using € — ¢ definition.

Solution. Here we have f(z) = ”f :39, L = 6,a = 3. We need to show that given any

e>0,3 6> 0, such that:

|f(z) — L| <e whenever 0< |z—al<$§
thatis |f(z) — 6] < e whenever 0 < |z — 3| <.

Now |f(x)—L|<e€
2
whenever ‘:1: _9—6|<€
T —3
(x —3)(z +3)
r—3
or |r+3—6/<e

or |x—3|<e

or |

—6|<e

Therefore for € > 0, there exists 6 = ¢, such that |f(x) — 6| < € whenever |z — 3| <
i(=e).

. _a?—9
Hence by definition 1.3, lim

r—3 I —

= 6.

Example 1.11. Find lim |z] and lim | x|, where [z] denotes the greatest integer function.
z—0~ x—0

Does lim |z | exist?
z—0

12



Figure 1.8: Graph of |z ]

Solution. By definition |z| = nifn < x < n + 1, where n € Z. See Figure 1.8 for a
graphical representation of |z |

In particular |[z] = —1if -1 <z <0and |[z] =0if 0 <z < 1.

As x approaches to zero from left (x < 0), the function | x| takes value equal to -1, so
by Definition 1.2, we ahve lim [z] = —1.

z—0~
Similarly, as x approaches to zero from right (z > 0), the function |z | takes value equal

to 0, so by Definition 1.2, we have lim |z| = 0.

z—0t
Since lim |z| # lim |z, lim |z | does not exist.
z—0~ z—0t+ z—0

1.6 Infinite Limits

Sometimes a function increases or decreases at a point without bound. For example con-
sider the function f(x) = 1/x? shown in Figure 1.9(a). The function values are positive
and keep increasing without bounds as z approaches to 0 from both sides. The same can be
observed from the Table 1.4. We express this fact by writing:

lim 1/2? = oo

z—0
T 1/x? 1/x
+1 1 +1
+ 0.1 100 +10
+ 0.01 10000 +100
+ 0.001 1000000 1000
4 0.0001 100000000 £10000

Table 1.4: Values of f(z) = 1/2%, f(x) = 1/x for the values of x close to 0.

Now consider the graph of the function f(x) = 1/x shown in the Figure 1.9(b). The
function remains positive and keeps increasing without bound if = approaches to 0 from

13



the right (x > 0). Also the function remains negative and keeps decreasing without bound
if x approaches to 0 from left (x < 0). The same can be observed from the Table 1.4. We
denote these facts by writing:

lim 1/z =00 and lim 1/2 == —o0
z—07t z—0~

-
-

(@) f(z) =1/a? ) f(z) =1/x

Figure 1.9: Infinite Limits at z = 0

Definition 1.4. (Informal view of Infinite Limit)
Suppose a function f(x) is defined for = near a point a, we say that f(x) tends to co as
x — a and denote it as lim f(z) = oo if lim+ f(z)=lim f(z)=oc.
T—a r—a r—a~

Similarly, we say that f(x) tends to —oc as * — @ and denote it as lim f(z) = —oo if
r—a
lim f(z)= lim f(z)=—o0.
z—at T—a~

Example 1.12. Use graph of the function f(z) = 1/(z + 2) and f(z) = 1/(z + 1) to
examine limit at v = —2.

Solution. From the graph of the function f(x) = 1/(x + 2) in the Figure 1.10(a), one can
conclude that lim f(z) =ocand lim f(z) = —oo. Since the left hand and right hand
T——2"

r——2F
limits are different we can conclude that lim2 f(z) does not exist.
T——

From the graph of the function f(x) = 1/(z + 2)? in the Figure 1.10(b), one can
conclude that lim f(z) = coand lim f(z) = oo. Since the left hand and right hand

z——2+ T——2"
limits, both tend to oo, we conclude that lim2 f(z) = oc.
T——

Definition 1.5. (Formal Definition of Infinite Limits)
Let f(x) be a function defined on an interval containing a, except possibly at a. We say
that f(z) approaches to oo as x approached to a, and denotes it as:

14



-2

(@) f(x) = 1/(z +2) ) f(z) =1/(x +2)

Figure 1.10: Infinite Limits at x = —2

liin f(z) =00

if, given any positive number B however large, there exists a 6 > 0, such that:

f(z) > B whenever 0<|z—al<§

Similarly, We say that f(x) approaches to —oo as = approached to a, and denotes it as:

lim f(z) = —o0

T—ra

if, given any negative number —B(B > 0) however small, there exists a § > 0, such
that:

f(z) < =B whenever 0<|zx—al<§

Example 1.13. Use the formal definition of limit to show that lin% 1/2* = oo.
T—

Solution. We need to show that given any B > 0 (however large), 34 > 0, such that:
f(x) > Bwhenever 0 < |z — a|] < 6.
Here f(z) = 1/2% a = 0.

1 1 1
Now — > B <= 1’ < — < |z7|] < —=

x? B VB
1 1
Therefore, taking 6 = —, we have — > B whenever |z — 0| < ¢
VB x?

Hence, by definition 1.5, lir% f(z) = 0.
z—

15



1.7 Computing Limits

In this section, we will discuss the algebra of limits of functions. We will discuss the limits
of the sum, product, and quotient of functions and use the results to obtain limits of various
functions.

Theorem 1.3. (Properties of Limits)
Let lim f(xz) = L and lim g(x) = M, where L, M are finite real numbers and ¢ be any
Tr—a T—a

real number then the following holds:

(a) limc = c.

(b) lim x = a.
(c) hin[cf(x)] =c. liin f(z)=cL

(@) i [ (2) £ (@) = lim (@) + i gla) = L+ M

Tr—a Tr—a

(e) i f(@).g(@)] = lim f(@). lim g(x) = L.}

Tr—a

Cf@) lmelf@) L
(f) glﬂlg(ll 0@ Tmg(m) M,prowded]\/[ # 0.

that is limit of the quotient of two functions equals to the quotient of the limits, pro-
vided the denominator limit is not equal to 0.

Note. If L # 0 and M = 0, then lim % does not exist and will be equal to co or
Tr—a g T
—00.

If L = M = 0, then we obtain (0/0), indeterminate form of limit, which we will
discuss in Lesson-8.

(g) lim 3/ f(x) = p/lim f(x) = VL, provided L > 0 if n is even.
Tr—a r—a
Note that L > 0 is required only if n is even.

These statements are also true for right hand (v — a™ ) and left hand (x — a™ ) limits.

Result 1.1. One can easily derive the following results by using the Theorem 1.3.

() lim(f(2))" = lim f(x). lim f(2) ... lim f(z) = (im /()"

r—a
A
~
ntimes
(b) limz" = lim (z.x....x) = limz. limz...limz = g.a..... a=a".
T—a s L T—a zT—a T—a N——
ntimes ~ h o ntimes
ntimes
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(c) For any polynomial P(x) = ag + a1z + asx® + - - - + a,x", we have:
lim P(z) = lim(ag + a1z + agx® + - - - + ap,a™) = ag lim 1+ a; lim o + ay lim 22 +
Tr—a T—ra r—a Tr—a r—a

o a, lim 2™ = ag + aya + aza® + - - - + a,a” = Pla).
Tr—a

Example 1.14. Find 111%(:52 — 5z +1).
T—
Solution.
lim(z* — 52 + 1) = lim 2* — lim 5z + lim 1(by using Theorem 1.3(b, c))
T—2 T—2 T—2 T—2

= 22 — 5% 2 4 1(by using Theorem 1.3(a))
=5

(One can also use directly the Result 1.1(c))

In-text Exercise 1.2. Find lirré (2% + 22 —1)°.
T—

2
Example 1.15. Find lim >~ 0
z—=4  —5H
Solution.
. 5x2+6  lim,4(52% +6) _
9101_1& T=5  Tm,z—5) (by using Theorem 1.3(f))
5.4 +6
= i (here M = lim(x —5) =4—-5=—1%#0)
4 — 5 r—4
— 86

Example 1.16. Find the following limits:
r—3 r—3 r—3

Solution. We note that in each of the parts (a), (b), and (c), the denominator has limit 0,
and the numerator has limit 2. So the limit does not exist in all the parts.

The limit is +00 or —oo depending on the sign. The numerator x — 3 remains positive,
and the denominator z — 5 takes positive or negative value depending on = approached to

9, from right or left.
. ox—3 . x—3
Thus we can conclude that: lim = +oo and lim
=5+ —DH T—5— L —
Since the left-hand limit and right-hand limit are different, so the two-sided limit at

x = 5 does not exist.

= —OQ.

2 4y 44
Example 1.17. Find lim %
r—2 xr — 2

Solution. Note that the numerator x> — 42 + 4 and denominator = — 2, both has limit O as
x — 2. So it needs to investigate further.

2 Ay +4 —9)?
Note lim ©— 224, @=27 o) =0,

T—2 r — z—=2 I — 2 r—2

17



Example 1.18. Consider the piecewise function f defined as:

1
r—1
f@)=9.2-5 1<2<3

ver+13 x> 3

r<l1

Find the following limits:

(a) lim f(z) — (b)lim f(x)  (c)lim f(z)

r—1 r—2 r—3

Solution. (a) we have

lim f(z)= lim = —00
z—1- a—1- 2 — 1
lim f(z) = lim 2> -5 = —4

z—1t z—1t
= lin% f(z) does not exist.
T—

Solution. (b) f takes same value close to z = 2 on both sides. So
lirr% f(z) = lir%(a;2 —5)=-1
— z—

Solution. (c¢)
lim f(x) = lim (2* — 5) =4
=37 —3~

lim f(z) = lim vz + 13 =16 =4.
z—3+ z—3+

— lin% f(z) =4.

1 1
Example 1.19. Explain why we can not apply Theorem 1.3(d) to evaluate lin%(— - =)

. o1 o1 o1 : .
Solution. Since lim — = —ooand lim — = oo, therefore lim — does not exist. Similarly
z—0— X z—0t T z—0

1
1in(1] — = 00, which is not finite. Therefore we can not apply Theorem 1.3(d) to evaluate
x—0

1 1
lim(— — —).
xao( r x? ) o
However one can proceed as follows to evaluate the limit:

1 1 T —

lim(= — —) = lim( ). Now lim(x — 1) = —1 and lim2® = 0. Therefor
ZTO X 1 x x—0 z—0 x—0

lim(— — —) = —oo, by the Note of Theorem 1.3(f).

x—0 " €T

1.8 Limit at Infinity

Let us examine the limit of a function when z increases or decreases without bounds. We
write x — oo to denotes z increases without bound and x — —oo to denotes x decreases
without bound. If the value of a function f(x) can be made as close to L as we want by
increasing or decreasing x, without a bound, then we denote it as the following:

18



lim f(x)=L and lim f(x)=1L

T—00 T—r—00

Definition 1.6. (Limit at Infinity)
Let f be a function defined for x > «a for some a.
We say that f(z) approaches to L as x approaches to oo, and denotes as

lim f(z) =L

T—00

if for every € > 0, there exists a M > 0, such that:

|f(z) — L| < e whenever x> M.

Similarly, we say that f approaches to L as x approaches to —oo, and denotes as

lim f(z) =L

if for every € > 0, there exists a N < 0, such that:

|f(z) — L] <e¢ whenever = <N

x tends to minus infinity

x tends to infinity

Figure 1.11: Graph of the function f(z) = 1/x.

Example 1.20. Show that:

(@lm =0 (b lim ~=o0.

T—00 I T——00 U
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Solution. (a) Here f(z) =1/x,L =0
We need to show for any € > 0, there exists M/ > 0, such that |f(z)—L| < e whenever z >
M.

Now |f(z) —L| <e
whenever |1/z — 0| < €
orl/x <e wecantakez >0
orx > 1/e = M(say)

= |1/z — 0| < e whenever = > M

— lim — = 0.

r—00 I

(b) Here f(z) =1/x,L =0
We need to show for any e > 0, there exists N < 0, suchthat |f(x)—L| < e whenever z <
N.

Now |f(z) —L| <e
whenever [1/z — 0| < €
or —1/zx<e asz<0forr— —oo
or —z>1/e
or x < —1/e = N(say, Nis negative)

— |1/x — 0| <€ whenever = <N
— lim —=0.

r——00 I

Theorem 1.4. (Properties of Limits at infinity)
Let liril f(z) = L and lirin g(x) = M, and c be any real number then the following
r—+00 LT—>100

results hold:

(a) lim c=c

T—Fo00
(c) zgrfm[cf(x)] =c. 27l_1>rj£100f(:zc) =c.L
(d) lim [f(z) +g(2)] = lim f(z)+ lim g(z) =L+ M
() Tim [f(w)-9(x)] = lm_f(@). lim_g(x) = L.M

Cf@) M f@) L
(f) ml—l>r:iloo o) Tmye (1) M,prowded]\/[ £ 0.
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(g) xgrinoo Vfx) = vzgrinoof(x) = /L, provided L > 0 if n is even.

Note that L > 0 is required only if n is even.

Standard Limit: Following is one of the standard limit at infinity.

1
lim (1+ =) =e = (2.7182...)

n—00 x

1
Example 1.21. Find lim —, n is a positive integer.

z—o0 "
. 1 .1 !
Solution. lim — = lim (—)" = (lim —)" =0 (by Theorem 1.4(e) and Example 1.20)
r—o0 " T—00 I T—00 T
2% + 3z + 4

Example 1.22. Evaluate lim ————.
P N e 422 1 31 + 2

Solution. Note that as + — oo numerator and denominator both tends to oo, and we
get an indeterminate form 2, which we will discuss in Lesson-8. In this case, therefore,
alternatively, we can divide the numerator and denominator by the highest power of z in
the denominator to evaluate the limit.

Y 222 + 3x + 4 . 24 3/x+4/x? 2+0+0

im ——— = lim =

o0 4a? +3x +2 a0 4+ 3/x+ 2/x? 44040
Theorem 1.4)

= 2/4 = 1/2. (by using

5x2 + 2 1
Example 1.23. Evaluate lim w
a—oo 43 + 21 + 1

Solution. Dividing the numerator and denominator by the highest power of = in the de-
nominator, i.e. by 23, we get

. bt 42w+ 1 . b/ +2/x*+1/x3

im ——— = lim

g0 4ad +2x 4+ 1 a—oo 44 2/22 4 2/23

V3t + T +5

In-text Exercise 1.3. Find lim .
T—00 42

= 0/4 = 0 (by using Theorem 1.4).

1.9 Infinite limit at infinity

Definition 1.7. (Infinite limit at infinity)
If the function increases without bound when x approached to oo or —oo, then we
denote this limit as:

lim f(z) =oc0 or lim f(z)=o0

Similarly, if the function decreases without bound when = approached to co or —oo,
then we denote this limit as:

lim f(z) = —o0 or  lim f(z)=—o0
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© flz) =2 @) f(z) =a*

Figure 1.12: Graphs of 2"

For illustration, from the graphs of the functions f(z) = 2"(n = 1,2,3,4) shown in
Figure 1.12, one can obtain the following:

lim z =00, lim z=—o00
T—>00 T—r—00

lim 22 = 0o, lim 22 = oo
T—r00 T—r—00

lim 2® = 0o, lim 2° = —c0
T—00 T—r—00

lim 2! = 00, lim 2! =00
T—00 T—r—00

Result 1.2. One can obtain the following:

1.
lim 2" =oco,n=1,2,3,...
T—00
2.
_ —oo ifn=1,3,5,...
lim z" = ]
z——00 o0 ifn=24,6,...
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3. The limit of a polynomial P(x) as z — oo is same as the limit of its highest degree
term as v — +oo. That s, if P(z) = (ap + a1z + asz® + -+ - + a,z™), then

lim P(z) = lim (ag + a1z + agz® + - - + a,2™) = lim a,a™.
T—00 T—00 T—00

lim P(z) = lim (ap+ a1z + apz® + -+ a,a™) = lim a,z".
T——00 T——00 T—>—00

Example 1.24. Find lim (5z* + 32° — 42 + 1).

T—r00

Solution. lim (52* + 32 — 42 + 1) = lim 52 (using Result 1.2(3)).
T—r00 T—r 00

Limit of Rational function at x = +00

The limit of a rational function at x = 4-0o can be obtained by dividing the numerator and
denominator by the highest power of x that appears in the denominator.

S5a3 — 4x + 2
E le 1.25. Find lim ———
xample ind lim o-om—brmy

Solution.
5% — 4z + 2 . b —4)r+2/x?
im ——— = lim
v——00 322 +204+1 a—-cc 342/x+1/22
Climg o br —4/x+2/2?
© limg_ oo 3+ 2/x + 1/22
_ limg oo 5

(dividing by  2?)

lim, o3
= —00/3 =—00
Result 1.3. (Limit of Trigonometric, Exponential, and Logarithmic functions at infin-

ity) From the graphs of some standard trigonometric, exponential and logarithmic functions
shown in Figure 1.13, one can conclude the following:

1. lim sin(x) does not exist.
T—00

2. lim cos(x) does not exist.
T—00

3. lim tan(x) does not exist.
T—00

4. lim e* = oo.

Tr—r00

5. lim € =0.
xr—r—00

6. lime =0
Tr—r0oQ0
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7.

10.

11.

12.

13.

<
<

In(x)

< 9

tan(x)

Figure 1.13: Graphs of some standard functions.

lim e = oo.
Tr—r—0o0

. lim eY® =1.

T—00

lim e'/* =1.
Tr—r—0o0

lim e /% = 0.
z—0t

lim e'/* = 0.
r—0~

wh_)rgo In(x) = c0.

lim In(z) = —o0.
z—07t

et + e %

In-text Exercise 1.4. Find the limit lim

T—00 ¥ — e~
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1
In-text Exercise 1.5. Find the limit lim (1 + —)*.
i

T—r00

el/z 41

In-text Exercise 1.6. Find the limit lim

z—0 el/x — 1

1.10 Summary

1.

If the function f(z) takes values close to L, by taking values of z sufficiently close
to a, then we say that f(z) - L as z — a.

If function f(z) takes values close to L, by taking values of x sufficiently close to a
from the right side, that is, for x > a, then we say f(x) - L as = —at.

If function f(z) takes values close to L, by taking values of x sufficiently close to a
from the left side, that is, for z < a, then we say f(x) - L as = —a .

. If f is a function defined on an open interval containing a, but not necessarily at a.

We say lim f(z) = L, if given any € > 0, there exists a & > 0, such that:
r—a

|f(z) — L| <e whenever 0< |z —a|]<é

We say that f(z) approaches to infinity as x approached to a, and denotes as:

lim f(z) = o0

rT—a

if, given any positive number B however large, there exists a 0 > 0, such that:

f(z) > B whenever 0<|z—al<$§

We say that the function f approaches to L as x approaches to co, and denoted as

lim f(x)=1L

T—r00

if for every € > 0, there exists a M > 0, such that:

|f(x) — L] < e whenever z > M.

. We say that the function f approaches to L as x approaches to —oo, and denoted as

lim f(z)=1L

T——00

if for every € > 0, there exists a /N < 0, such that:

|f(z) — L| <e whenever = <N
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1.11 Self Assessment Exercises

1

10.

11.

12.

13.

14.

15.

16.

17.

Use numerical values and plot of the function to find ling) sin(z) = 0.
T—

Use numerical values and plot of the function to find lin% |].
T—

. Use numerical values and plot of the function to find lim (z* + 1).

r—1

Use numerical values and plot of the function to find hH(l) cos(m/x).
T—

—1
Show that the limit lim |2 1| does not exist.

r—1 1 —

.. T T .
Show that the limit hn% 2] does not exist.
T—

e

1/z

. Show that the limit lim —— = 0

z—0 1 + el/z

) C . et e
Find the limit im ——.
rz—o00 ¥ — e~ 7T

1
. Find lim (1 + =)~°.
x

T—00

1
Find lim In(—).

T—00 2

Use numerical values and plot of the function to find lin% zSin(1/z).
z—

Use numerical values and graph of the function to show that hH(l) Sin(x)/xz = 1.
r—

Use € — ¢ definition to show that liH(l) xCos(1/xz) = 0.
z—

Use € — § definition to show that lir% (3x —5) = 1.
T—

For f(x) = 2x + 3, L = 3, find the value of ¢ such that |f(z) — L| < €, whenever
|z — 0] < 9, for each of the following e:

(i)e=05 (ii)e=02, (iii)e=0.1

Find Tim ==

rx—a T — Q

For the graphs of the functions shown in Figure 1.14, discuss whether the left hand
limit, right hand limit, and the limit of the functions at z = a, exist or not.
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Figure 1.14: Graphs

1.12 Solution of In-text Exercises

In-text Exercise 1.1

Solution. Here we have f(x) = 42 — 3, L = 5,a = 2. We need to show that given any
e>0,3 ¢ >0, such that:

|f(z) — L| <€ whenever 0< |z—a|l<?

thatis |f(x) — 5| < e whenever 0 < |z —2| <.

Now |f(z)—L|<e
whenever |4x —3 —5| <e
or |4z —8|<e
or 4jx —2|<e
or |z—2|<e¢/d
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Therefore for e > 0, there exists § = €/4, such that | f(z) — 5| < € whenever |z — 2| <

d(=€e/4).
Hence by definition 1.3, lin% (4x — 3) = 5.
T—

In-text Exercise 1.2
Solution.
glﬁliré(xQ +2z—1)° = (Clclilr}s(x2 + 2z — 1))°(using Result 1.3(a))
= (3% +2 % 3 — 1)°(using Result 1.3(b, c))
= 14° = 537824

In-text Exercise 1.3

V3xt+ 7 5 1 7 5 3
Solution, lim Y3 T TEHS Lo T 5 V3
T—>00 42 Z—00 3 x4 4

In-text Exercise 1.4

. . e"+e® ooe¥4+1 041
Solution. lim — = lim = =
z——00 €T — ™%  go—oco 2T — ] 0—1

—1.

In-text Exercise 1.5

1 1 2
Solution. lim (1 + —)** = lim ((1 + —)*) = ¢
T—>00 T T—00 T

In-text Exercise 1.6

e/T+1 041

Solution. xli%lﬁ 1 0_1 —1.
Coer oo l4eVr 140
lim —— = lim = =1.
=0+ el/z — 1 250+ 1 — e~/ 1—-0
1/x
Thus lim ———— does not exists.
=0 el/z — 1

1.13 Suggested Readings

1. Anton, Howard, Bivens, Irl, Davis, Stephen (2013). Calculus (10th ed.). Wiley India
Pvt. Ltd. New Delhi. International Student Version. Indian Reprint 2016.

2. Prasad, Gorakh (2016). Differential Calculus (19th ed.). Pothishala Pvt. Ltd. Alla-
habad

3. Thomas Jr., George B., Weir, Maurice D., Hass, Joel (2014). Thomas’ Calculus
(13thed.). Pearson Education, Delhi. Indian Reprint 2017.
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Lesson - 2

Continuity

Dr. Sandeep kumar
Shaheed bhagat singh college

University of Delhi

Structure

2.1 Learning Objectives

2.2 Introduction

2.3 Continuous Function

2.4 Types of Discontinuity

2.5 Continuity of Some Standard Functions

2.6 Intermediate Value Theorems

2.7 Summary

2.8 Self Assessment Exercises

2.9 Solution of In-text Exercises

2.10 Suggested Readings

2.1 Learning Objectives

1. To understand the concept of continuity.

2. To learn the properties of a continuous function.

3. To learn the types of discontinuities.

4. To learn about the behavior of various discontinuous functions at the point of discon-

tinuity.

2.2 Introduction

In Lesson 1, we studied the limit of a function. The criterion for the existence of lim f(x)

—a

does not require the function to be defined at the point z = a, even if it is defined at z = a,
the limit may not be equal to the value of the function at z = a. The existence of limit only
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I P v

(b) ©

(a)

Figure 2.1: Impossible trajectory of a projectile

ensures that the function does not change abruptly or vanish suddenly around the point
x = a. Inreal life, the projectile of any object thrown in air can not vanish at some point
and suddenly reappear. For example, the graphs of function f(z) shown in Figure 2.1 can
not be the trajectory of a projectile. To capture the motion of a projectile mathematically,
we need the concept of continuity. In this lesson, we will study continuous functions and
their properties.

2.3 Continuous Function

Definition 2.1. (Continuous Function)
A function f defined at a point x = @ and around it, is called continuous at a if

lim f(z) = f(a).

T—a

From above definition, we note that f () is continuous at = = a, if and only if following
conditions are satisfied:

1. fis defined at x = a.

2. lim f(z) exists.
Tr—a

3. lim f(z) = f(a).

Tr—a

Definition 2.2. (Discontinuous Function)
A function f is said to be discontinuous at x = a if it is not continuous at x = a. Thus
f is discontinuous at x = a, if one of the above condition does not hold.

Note. For illustration, the functions shown in Figure 2.1 are not continuous at x = a,
because

1. In part(a) the function is not defined at point z = a.
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2. In part(b) lim f(x) does not exists.
Tr—a

3. Inpart(c) lim f(x) exists, but not equal to the function value.
r—a

Example 2.1. Discuss the continuity of the following functions at x = 3:

22 -9
:)3279 .
_JE s it 2 #£3
(b) f(sc)—{4 .
z2-9
)i s if 2 #3
© [(x) = {6 o

(a) (b) ()

Figure 2.2: Graphs of f(x).

Solution. The graphs of the functions in parts (a), (b), (c) are shown in Figure 2.2.
(a) The given function is not defined at x = 3, so it is discontinuous at z = 3.
(b) Lets first find out the limit of the function at x = 3.

. . xr—9 . (x=3)(xz+3)
Ayt e D A

As, lirré f(z) =6 # f(3) = 4, the given function is discontinuous at z = 3.
z—

(c) lin% f(z) = 6 = f(3), the given function is continuous at x = 3.
T—

In-text Exercise 2.1. Check the continuity of the function

rell/® .
f<x>:{1+ew i 20

1 if =0

atx = 0.
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Definition 2.3. (Continuity on an open interval)
A function f(z) is said to be continuous on an open interval (a, b), if it is continuous at
each point z € (a, b).

Note. Note that the above definition is applied even to the infinite open intervals
(00, b), (a, ), (—o0, +00). If a function is continuous on (—o00, +00), then we say that fis
continuous everywhere.

It is not possible to extend the above definition of continuity to the close interval [a.b],
as we can not talk about left hand limit at a and right hand limit at b.

Definition 2.4. (Continuity on a close interval)
A function f(z) is said to be continuous on an close interval [a, b], if following condi-

tions holds:
1. f is continuous on the open interval (a, b).

2. f is continuous from the right at a, that is, lim f(z) = f(a).

z—at

3. f is continuous from the left at b, that is, lim f(z) = f(b).

T—b~

Example 2.2. Discuss the continuity of the function f(z) = v4 — x2.

Solution. The given function f(z) = /4 — 2 defined (takes real values) on the close
interval [a, b]. So we need to check the continuity of the given function on the open interval
(—2,2) and at the endpoints z = —2, 2.

If ¢ is any point in the open interval (—2, 2), then

lim f(z) = lim V4 — x2

Tr—C r—cC

= ,/lim(4 — 22) using Theorem 1.3(g)
Tr—cC
VA= = f(0

—> f(z)is continuous on any ¢ € (—2,2).

Now lim f(z)= lim v4—22= | lim (4—22)=0= f(-2)

z——27F r——27T r——27F

Also lim f(z) = lim V4 —22= /lim (4 —22) = 0= f(2)
r—2~ T—2~ r—2~

— f is continuous at x = —2 and 2.

Thus, f is continuous on the close interval [—2, 2].

Theorem 2.1. (Algebra of Continuous Functions)
Let f be g be two functions continuous at x = a. Then the following hold:

1. f+ g is continuous at a.
2. f — g is continuous at a.

3. f * g is continuous at a.
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4. f/gis continuous at a if g(a) # 0, and discontinuous at a if g(a) = 0.
Result 2.1. (a) A constant function is continuous everywhere (continuous on R).

(b) A polynomial function is continuous everywhere.

P
(c) A rational function f(z) = ﬂ (where P(z), Q(z) are polynomials) is continuous

Q(x)

everywhere except at the points where ()(x) equlas to zero.

Example 2.3. Discuss the continuity of the following function on the interval [ 0, 1] .

0 if =0
1 . 1
73— if 0<x<§
flz)=<0 if z=3
T
r—3 if §<x<1
\1 if z=1

Solution. Note that the function changes its behavior at the points x = 0,1/2, 1. There-
fore, these are the possible points of discontinuity. The function being a polynomial is
continuous on the interval (0,1/2) and (1/2,1).

Continuity at x = 0.

x = 0 being a left end point of the interval [0, 1], the continuity at point = 0 requires
only continuity from right, that is, we need to check whether li)rg+ f(z) = f(0)=0.

1
we have, lim f(z) = lim (z —2) =1/2—-0=1/2# f(0)(=0).
z—0+ z—0+ " 2
Thus, f is not continuous at x = 0.
Continuity at = 1/2.
To check the continuity at point x = 1/2 we need to check whether lim f(z) =

x—1/2
f(1/2) = 0.
h li = i 1/2 —2)=1/2-1/2 =0,
wehae lm f(o)= lm (1/2-2)=1/2-1/
d I = i -1/2=1/2-1/2=0.
wd, i, S0 = g, e m1/2=12-1

this implies lirlr}Qf(x) = 0= f(1/2), so f is continuous at x = 1/2.
T—
Continuity at x = 1.
x = 1, being a right end point of the interval [0, 1], the continuity at point x = 0
requires only continuity from left, that is we need to check whether lir{1 flz)=f(1)=1.
z—1—
1
we have lim f(z)= lim (z — =) =1-1/2=1/2# f(1)(=1).
z—1" Tz—1— 2

Thus, f is not continuous at v = 1.
Example 2.4. Find the points where the following function is discontinuous:

x2—4

1) = Z =10
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Solution. The given function is a rational function. So the points of discontinuities are
given by the roots of the denominator (by Result 2.1(c)), which are given by the roots of
2 — Tz +10 =0.

Therefore, v = 2, 5 are the point of discontinuity.

Example 2.5. Show that the function f(x) = |z| is continuous everywhere.

Solution. Given
—x if <0

flz)=|z[=¢0 if =0
x if >0
f(z) being polynomial in the domain z > 0 and x < 0, is continuous for x > 0 and
2 < 0. The only possible point of discontinuity is x = 0.
Now D /() = lup ol = g (=) =0
g Sl = g, el =l () =0
— hH(l) f(z) = 0= f(0), Hence f(z) = |z| is continuous at x = 0.
T—

This implies |z| is continuous everywhere on R.

Example 2.6. Find the values of a and b, for which the following function is continuous.

f(z) = .
1—% if 0<z<1

{aﬁ—i—b if <0

Solution. We have f(0) = b.
Since f is continuous at z = 0, this implies that at x = 0, left-hand limit and right-hand
limit both exist and these are equal to f(0).

Now
lim f(z) = lim (a2® +b)
r—0~ r—0~
=b
and
lim f(x) = lim (1 — 5 )
0+ a0t 22+ 1
=1-3=-2

Therefore lim f(x) = lim f(z) = f(0), = b= —-2.
z—0~ z—0
Since there is no condition on a, it can take any value.
So given function is continuous for any real value of @ and b = —2.
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In-text Exercise 2.2. Find the value of a for which the following function is continuous.

20 —1 1if <2
flx)=<a if z=2
r+1 if z>2
Example 2.7. Check the continuity of the function f(x) = || + |x — 1| atz = 0, 1.

Solution. Given

-2+ (—(z—-1)=1-2z if <0

f@)=lz[+]z-1f=qa+(-(r-1) =1 if 0<z<1
z+(r—1)=2r—-1 if z>1
Now, lim f(z) = lim (1 —2z) = 1.
z—0~ z—0~
and lim f(z)= lim 1=1
z—0t+ z—0t+

So, hII(l) flx)=1= f(0)
T—
— f is continuous at = = 0.
Also, hr{l f(z)= lim 1=1.
e

z—0~

dl‘m =lim(2xr—-1)=2-1=1
and Jup, Jlz) = g, (e = 1)

So limlf(x) =1=f(1)
z—
—> [ is continuous at x = 1.

Theorem 2.2. If a function f is continuous at L and g is a function such that lim g(x) = L,
r—a

then we have:

lim f(g(x)) = f(lim g(x)) = f(L)

Note: The result still holds if we replace lim by lim or lim, or lim , or lim.
T—a T—a~ z—at T——00 T—00

Remark. In other words the above theorem tells that the limit symbol can be moved inside
a function if the limit of the inside expression (of the function) exists, and the function is
continuous at the limit of the inside expression.

Example 2.8. Show that lim [6 — 7?%| exists.
z—

Solution. We know that the function f(x) = |z| is continuous everywhere. In particular f
is continuous at }CILI}))(G —2%) = -3.
So by the Theorem 2.2, lim |6 — 2°| = |1lim(6 — z°)| = | — 3| = 3.
T—3 z—3
Theorem 2.3. (Continuity of the Composition of Functions)
Let XY CR, f: X - Randg:Y — R are functions such that f(X) C Y. If f

is continuous at a € X and g is continuous at b = f(a) € Y, then the composite function
gof : X — R defined as:

gof(xz) = g(f(x))

is also continuous at a.
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Result 2.2. In general, if functions f and g are continuous everywhere, then the composi-
tion gof is continuous everywhere.

Example 2.9. Examine the continuity of the function h(z) = Sin(z?).

Solution. Let f(z) = z? and g(z) = Sin(x), then the given function is a composition of
these two functions, thatis gof(z) = g(f(x)) = g(x?) = Sin(x?).

Since the function f(x) = Sin(z) and g(x) = x* are continuous everywhere, the
composition function gof(z) is continuous everywhere, by Result 2.2.

Hence the given function h(z) = Sin(x?) is continuous everywhere.

In-text Exercise 2.3. Discuss the continuity of the function |z* + 3z% — 1| on R.

2.4 Types of Discontinuity

Removable Discontinuity

A function f has removable discontinuity at x = a, if lim f(z) exists but it is not equal to
Tr—a
f(a).
Such a discontinuity is called removable because it can be removed by redefining the
function at = = a, that is by assigning f(a) = lim f(x).
Tr—a

Discontinuity of First Kind

A function f has discontinuity of first kind at x = a, if lim f(x) and lim f(z) both exists

. z—at x—a~
but these are unequal. That is:

lim f(z) # lim f(x)

T—a T—a—

This is also known as a Jump Discontinuity.
Discontinuity of First Kind from Right: A function f has discontinuity of first kind from
right at z = a, if

Jim f(@) # f(@)but lim f(z) = f(a)

Discontinuity of First Kind from Left: A function f has discontinuity of first kind from
left at z = a, if

lim f(z) # f(a)but lim f(z) = f(a)

Tr—a—

Discontinuity of Second Kind

A function f has discontinuity of second kind at z = a, if lim f(z)and lim f(z) both

. r—at r—a~
do not exist.

Discontinuity of Second Kind from Right: A function f has discontinuity of second kind
from right i lim f(z) does not exist.
T—a

Discontinuity of Second Kind from Left: A function f has discontinuity of second kind
from left if lim f(x) does not exist.

Tr—a—

36



Example 2.10. Discuss the type of discontinuity of the following function at z = 0:

o= 2.

_15L

Figure 2.3: Graph of sin(1/x)

Solution. From the graph of the given function in Figure 2.3, we can note that the function
oscillated rapidly between -1 and 1 as we move closer to 0. So the left-hand limit and the
right-hand limit do not exist. Hence the function has a discontinuity of the second kind at
r=0.

Example 2.11. Discuss the type of discontinuity of the following function at z = 0:

R e

Solution. We have lim f(z) = lim |z|/x = lim —z/x = —1.
z—0~ z—0~ z—0~
and lim f(z) = lim |z|/x = lim z/x = 1.
z—07t z—07t z—0t
Since left-hand limit and right-hand limit both exist but they are unequal, the function
has discontinuity of first kind (or jump discontinuity) at = = 0.

Example 2.12. Discuss the type of discontinuity of the following function at x = 0:

_)sin(z)/z if 2 #0
f(x)_{o if ©=0

Solution. From the graph of the given function in Figure 2.4, we can note that the function
approaches to 1 as x tends to 0, that is lin% sin(x)/xz = 1.
T—
9
Since f(0) = 0 # lim in(z)

z—0

, this implies that f has a removable discontinuity at

x = 0.
If we define another function F'(z) as
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0.95 -
0.90 -

0.85 -

-1.0 -0.5 0.5 1.0

Figure 2.4: Graph of sin(x)/x

o= {222

then F'(z) is continuous at z = 0.

Example 2.13. Consider the function defined as

/

1 if =0
r+1/2 if 0<z<1/2

flx)=1<¢1/2 if v=1/2
x—1/2 if 12<x<1
0 if =1

\

Find the type of discontinuity if any.

Solution. The possible points of discontinuities are x = 0,1/2, 1. In the domains (0, 1/2)
and (1/2, 1) the given function is continuous being a polynomial.

Atx=0
We have lim f(z)= lim (x4 1/2) =1/2.
x—07F x—07F
Since lim+ f(z) # f(0) = 1, this implies that 2 = 0 is a point of discontinuity of the
z—0
first kind from the right.
Atx=1/2
We h li = 1 1/2) =1.
e have x%(llmm_ f(z) x%(lfnm_(:)s +1/2)
d i = 1l —1/2) =0.
wd, i, 0= i, o= 12
Since, lim f(z) # lim f(z), this implies + = 1/2 is a point of discontinuity
z—(1/2)" z—(1/2)+
of first kind.
Atx=1
We have lim f(z) = lim (z —1/2) =1/2.
z—1— T—1—
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Since, lim f(x) # f(1) and f(1) = 0, this implies = = 1 is a point of discontinuity of
T—1—
first kind from the left.

2.5 Continuity of Some Standard Functions

Trigonometric Functions
If @ is any number in the natural domain of the following standard trigonometric func-
tions then we have

1. lim sin(x) = sin(a), forall a € R.
Tr—a

2. lim cos(z) = cos(a), for all a € R.
Tr—a

3. lim tan(z) = tan(a), foralla € R — {(2n 4+ 1)5 : n € Z}.

r—a

4. lim cot(z) = cot(a), foralla € R — {nm :n € Z}.

Tr—a

5. lim cse(x) = esc(a), foralla € R — {nm:n € Z}.

Tr—a
6. lim sec(z) = sec(a), foralla € R — {(2n + 1) : n € Z}.
r—a

The above results imply that the standard trigonometric functions are continu-
ous in their natural domain.

Exponential Function

7. lime® = e, forall a € R.
xr—a

That is, the exponential function is continuous everywhere.

Logarithmic Function

8. lim In(z) = In(a), for all a > 0.

r—a

That is, the natural logarithmic function is continuous for z > 0.

22 +5
z+1

).

Example 2.14. Find lin% cos(
T—

Solution. Since cos(z) is continuous everywhere, we have
245 . 2 +5

In-text Exercise 2.4. Find lim tan(2x).

T—>T
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2.6 Intermediate Value Theorems

Theorem 2.4. (Intermediate Value Theorem)

Let f be a function continuous on a closed interval [a,b], and k be any number such
that f(a), < k < f(b), then there exists x,a < x < b, such that:

flx) =k
y
k
fla)f--! f(x)
I

i1 T b

Figure 2.5: Graphical representation of Intermediate Value Theorem

A graphical representation of Intermediate Value theorem is shown in the Figure 2.5.

Theorem 2.5. Let f be a function continuous on a closed interval [a,b], and f(a) and
f(b) are non-zero and they are of opposite signs, that is f(a).f(b) < 0, then there exists
x € (a,b), such that f(x) = 0.

Note that above theorem is a special case of Theorem 2.4, becasue as f(a).f(b) < 0,
that is they are of opposite sign we have either f(a) < 0 < f(b) or f(b) < 0 < f(a). Here
k= 0.

Example 2.15. Show that the function f(z) = 3 — x — 1 has a root in the interval (1, 2).
Solution. Given f(z) = 2® — x — 1, we have f(a) = f(1) = —1 and f(b) = f(2) = 5.

This implies f(1)f(2) < 0, by theorem 2.5, 3z € (1,2), such that f(z) = 0. That is
the equation has a root in the interval (1, 2).
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2.7 Summary

1.

10.

11.

A function f defined at a point x = @ and around it, is called continuous at a if
lim /() = f(a).

A function f(z) is said to be continuous on an open interval (a, b), if it is continuous
at each point x € (a, b).

. A function f(x) is said to be continuous on an close interval [a, b], if following con-

ditions holds:

(a) f is continuous on the open interval (a, b).
(b) f is continuous from the right at a, that is, lim f(z) = f(a).

z—at

(c) fis continuous from the left at b, that is, lim f(x) = f(b).

z—b—

IfX)YCR,f: X — Randg:Y — R are functions such that f(X) C Y. If
f is continuous at a € X and g is continuous at b = f(a) € Y/, then the function
composition gof : X — R defined as:

gof(x) = g(f(x))

is also continuous at a.

. A function f has removable discontinuity at z = a, if lim f(x) exists but it is not

T—ra

equal to f(a).

A function f has discontinuity of first kind from right at z = a, if

lim f(z) # fla)but lim f(z) = f(a)

. A function f has discontinuity of first kind from left at = = a, if

Tim f(z) # f(a)but Tim_f(x) = f(a)

. A function f has discontinuity of second kind at x = q, if lim f(z)and lim f(x)

. z—at T—a—
both do not exist.

. A function f has discontinuity of second kind from right if lim f(z) does not exist.

z—at

A function f has discontinuity of second kind from left if lim f(z) does not exist.
Tr—ra~

Let f be a function continuous on a closed interval [a, b], and k£ be any number such
that f(a), < k < f(b), then there exists z,a < x < b, such that:

flz) =k
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2.8 Self Assessment Exercises

(1.) Examine the continuity of the following function:

el/x_ .
oy = e e #0
0 if =0

atx = 0.
(2.) Examine the continuity of the following function at x = 0, 1

—x? if <0
f(z) =<5z —4 if O<ze<1
422 —3x if z>1

Also discuss the type of discontinuity, if any.

(3.) Examine the continuity of the following function at x = 0,1/2,3/4, 1.

0 if ©=0,1/2
12—z if 0<ax<1/2
42 —1 if 1/2<z<3/4
1—2? if 3/4<z<1

fz) =

Also discuss the type of discontinuity, if any.

(4.) Show that the function defined as

is discontinuous at z = a.

(5.) Show that the function defined as

z+1 if —1<z<0
flz) =< x if 0<z<1
2—x if 1<ax<2

is discontinuous at = (0 and continuous at z = 1.
(6.) Show that the function f(z) = |z — 1| + |x — 2| is continuous at x = 1 and z = 2.
(7.) Show that the function f(x) = x° — 22® — 2 = ( has a root in the interval (0, 2).
(8.) Use Intermediate Value Theorem to show the the equation e* = 4 — 23 is solvable.
(9.) Find x1_1>r\r/1; cos(x?).
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(10.) Discuss the continuity of the function f(z) = |3 + sin(2x)|.
(11.) Discuss the continuity of the function f(z) = sin(z? — 4).

(12.) Discuss the continuity of the following function f(z) = |z] at x = n,n € Z, where
| 2] denotes the greatest integer function defined as:

lz] =n when n<z<n+l.

(13.) Examine the continuity of the function

ol 2 #£0
ﬂ@:{o it z=0

(14.) Consider the following functions f and g, defined as:

(@) 28mla) if g #£ 0
:L':
1 if z=0
Sin@)if g £0
ﬂ@_{z if 2=0

Show that f + g is continuous at = = 0, whereas f and g are not continuous at x = 0.

(15.) Consider the following functions f and g, defined as:

T

1 if =0
Sin(z)
=2 if 2 #0
fley=9.° .
0 if =0
Show that f — g is continuous at x = 0, whereas f and g are not continuous at z = 0.

(16.) Consider the following functions f and g, defined as:

i) L) i g £ 0
xTr) =
1 if z=0
Sin@) if g £0
ﬂ@:{o if =0

Show that f — g is continuous at x = 0, whereas f and g are not continuous at z = 0.
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(17.) Consider the following functions f, defined as:

_ |i—| it 2#0
/(@) {1 if =0

Show that | f| is continuous at = 0, though f, is not continuous at z = 0.

2.9 Solution of In-text Exercises

In-text Exercise 2.1

. . rell® . T 0
Solution. lim —— = lim —— = = =
e—0t 1 +el/r sooteVr 41 1
xell® 0.0

x—>0—1—|—61/x 0+1
As f(0) =0, f is continuous at z = 0.

In-text Exercise 2.2
Solution. Given that f is continuous at z = 2, implies lir% flx)=f(2) =a.
T—
Now lim f(z) = lim (2 — 1) = 3.
T2~ T2~
d li = li 1) =3.

and lip Jo) = g (e 1) =3

this implies lim,_,» f(z) = 3

= a= f(2)=3.
In-text Exercise 2.3

Solution. Let f(z) = 2*+ 322 — 1 and g(z) = |z, then the given function is a composition
of these two functions, that is gof (z) = g(f(x)) = g(x* + 32* — 1) = |2* + 322 — 1].

Since the function f(x) = z* + 32% — 1 and g(x) = |x| are continuous everywhere, the
composition function gof(z) is continuous everywhere, by Result 2.2.

In-text Exercise 2.4

Solution. Since tan(x) is continuous in the domain R — {(2n + 1)7 : n € Z}, we have
lim tan(2z) = tan(lim 2x)
T—T T—T

= tan(27) = 0 (Note 27 belongs to the natural domain of tan(x)).

2.10 Suggested Readings

1. Anton, Howard, Bivens, Irl, Davis, Stephen (2013). Calculus (10th ed.). Wiley India
Pvt. Ltd. New Delhi. International Student Version. Indian Reprint 2016.

2. Prasad, Gorakh (2016). Differential Calculus (19th ed.). Pothishala Pvt. Ltd. Alla-
habad

3. Thomas Jr., George B., Weir, Maurice D., Hass, Joel (2014). Thomas’ Calculus
(13thed.). Pearson Education, Delhi. Indian Reprint 2017.
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Lesson - 3

Differentiation

Dr. Sandeep kumar
Shaheed bhagat singh college
University of Delhi

Structure
3.1 Learning Objectives

3.2 Introduction
3.3 Derivative of a Function
3.3.1 Algebra of Derivatives
3.3.2 Derivative of some standard functions
3.4 Chain Rule
3.4.1 Derivative of Parametric Function
3.5 Summary
3.6 Self Assessment Exercises
3.7 Solution of In-text Exercises

3.8 Suggested Readings

3.1 Learning Objectives

1. To Understand the relationship between the rate of change and the derivative of a
function.

2. To learn properties of a differentiable function.

3. To use the techniques of differentiation for finding the derivative of various functions.

3.2 Introduction

The concept of the rate of change is very much applicable in various fields of life, like
the rate of change of speed of a rocket, bacteria growth in a culture, populating change
of a species, pollution level in a lake, and many more. The concept of derivative is the
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mathematical tool to capture the rate of change, which is very much related to the concept
of the tangent line to a curve. So let us first see how to derive the slope of a tangent to a
curve using the concept of limits.

T @

Figure 3.1: Tangent line to the curve

For example, consider the graph of the function shown in the Figure 3.1. Suppose we
are interested in finding the slope of the tangent line at the point (a, f(a)). Take any other
point (z, f(x)) on the curve. Let m be the slope of the secant line joining these two points.
Then

f(z) = f(a)

r—a

m =

Note that intuitively m is nothing but the average rate of change in [a, |, which is the
ratio of change in the function values (that is f(x) — f(a)) and change in the value of x
(that is (x — a)). If we let the point = to move along the curve towards the point a that is
x — a, then this secant line will become the tangent line to the curve at the point (a, f(a))
and m will approach to the slope of the tangent line at (a, f(a)). That is, the slope m of the
tangent line at (a, f(a)) is given by :

Lt - @)
r—a Tr — a

and equation of the tangent line at (a, f(a)) is given by:

y — fla) =m(x—a).

The above formula for slope m can be modified to a much usual known formula by
putting x = a + h. This will imply when z — a, then h — 0, so the updated formula for
m becomes:
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=l L@ — fla)
h—0 h
The above formula for rate of change is directly related to the derivative of a function
at a point a, which we will study more now.

3.3 Derivative of a Function

Definition 3.1. (Derivative of a Function)
The derivative of a function f at a point = denoted as f'(z) is defined as:

: S+ h) - f(x)
) = Jim h
The domain of f’ is the set of all the points of the domain of f for which above limit
exists.
f'() is also denoted as - f(x).
If f'(a) exists, then we say [ is differentiable (derivable) at = = a.

Example 3.1. Find the derivative of the function f(z) = z® and use it to find the equation
of the tangent at the point z = 2.

Solution. By the definition of the derivative, we have

!
fiz) = Jim h

— lim (x+h)® -3
h—0 h

— lim 22 4+ h3 + 32°h + 3xh? — 22
h—0 h

T h3 + 32%h + 3xh?
h—0 h

= m(# + 3% + 3xh)

= 322

Thus, f'(z) = 3z? forallz € R
This gives, f/(2) = 3.22 = 12, therefore equation of tangent at (2, f(2)) = (2,8) is
given by:

y—8=12(z —2).

We can apply the concept of derivative to find out velocity function v(t) of a particle
whose position function is given by the displacement function s(t), where ¢ denotes the
time. The velocity v(t) at time ¢ is defined as:

s(t+h) — s(t)

o) = fn
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Example 3.2. Let the position function of a moving particle is given by s(t) = t> — 2t + 5,
where ¢ represents the unit of time. Find the velocity function.

Solution. By the definition, the velocity function v(t) is given by:

s(t+ h) — s(t)

v(t):’llirr(l)
—
. (t+h)?>—=2(t+h)+5—(t*—2t+5)
= lim
h—0 h
_ 1 4+ h?+2th—2t—2h+5—t*+2t -5
~ 5 h
. h?+2th —2h
= lim ——————
h—0 h
= lim (h + 2t — 2)
h—0
=2t—-2

Example 3.3. Show that the function f(x) = |z| is not differentiable at = = 0.

Solution. To examine, if the given function is differentiable at x = 0, we need to check if

f(0) = ’115% FO0+h) — £(0) exists or not.

h
x if >0
Given, f(z) = |z| = -
f(@) =zl {—x if <0
Then
i JOER) = £O) 0+ b= o)
h—0~ h h—0~ h
lim =0 (|h| = —hforh < 0)
= lim = —
h—0~ h
—h
hoo- R
and
p JOHR) = F©O) [0+ k=)
h—0+ h h—0+ h
lim =0 (as|h| = hforh > 0)
= lim —— as |h| =
h—o+  h
h
hoot B
Since the left-hand limit and the right hand limit are not equal, this implies that lim;,_, w

does not exist, that is f is not differentiable at x = 0.

Definition 3.2. (Differentiablity in an Interval)
We say that f is differentiable in an open interval (a, b) if f'(x) exists for all x € (a, b).
Similarly, the defintion holds for the open intervals of the type (—o0, b), (a, 00), (—00, 00).
If f is differentiable on (—o0, o), we say f is differentiable everywhere.
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Theorem 3.1. Every differentiable function is continuous, that is if a function f is differ-
entiable at a, then it is continuous at a.

Proof. Letthe function f is differentiable at = a, then by definition f'(a) = lim M
r—a Tr — a
exists.
To prove that f is continuous at = a, we need to show lim f(z) = f(a).
Tr—a
Consider
f(@) — fla
1)~ 10y = OO ) 2z
Taking limit x — a on both sides, we have
) . fx)— fla
tim (f(2) — f(a)) = ("D =@, )
r—a T—a Tr — a
lim f(z) — f(a) = lim @) = Jta) lim(z — a)
r—a T—a Tr—a Tr—a

= f'(a).(a—a) = f'(a).0 =0
= lim f(z) = f(a)

Therefore, f is continuous atz = a.
O

Note. The converse of the above theorem is not true. That is every continuous function is
not differentiable. For example the function f(z) = |z| is continuous at x = 0, but not
differentiable at = = 0.

In-text Exercise 3.1. Show that the function f(x) = z|z| is derivable at x = 0.
Example 3.4. Check the differentiability of the function

f(x):{m;—s if 0<z<2

x?—3 if 2<ax<4

atz = 2.

f2+h) - f2)
- :

Solution. To check f’(2) we need to check the existence of Illirrtl)
.
We have

. f(2+0) - f(2)
hlir(r)l* h h—0— h
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Similarly,

_ 2 _ 9 _
L fCER - ) @+hP-3-1
h—0+ h h—0+ h
. 44+ h*44h—4
= lim
h—0+ h
= lim h+4=4.
h—0+

f2+h) - f(2)
h

Since the left hand limit and the right hand limit are not equal, }llir%
—>

does not exist. Hence given function is not differentiable at z = 2.

Example 3.5. Show that the function defined as

_ Jasin(1/x) if #0
f(x)_{o it =0

is not differentiable at x = 0.

Solution. We have,

lim f(O+h)— f(0) ~lim hsin(1/h)
h—0 h h—0
= }ILILI(I) sin(1/h)

which does not exist.
This implies that the given function is not differentiable at x = 0.

Example 3.6. Show that the function defined as

_ Jatsin(1/x) if x#0
f(x)_{o if z=0

is not differentiable at z = 0.

Solution. We have,

g SO0 = f(0) . (hZsin(1/h)
h—0 h h—0 h
= lllig(l)hsin(l/h) =0

This implies that the given function is differentiable at x = 0 and f'(0) = 0.
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3.3.1 Algebra of Derivatives

Let f and g be differentiable functions at x and ¢ be any constant, then

1.

3.3.2 Derivative of some standard functions

d d

L efla) = e fl)

L5+ () = @)+ g )
(@)~ 9(a)) = 1)~ ()
2 (@) 0(x) = F(x)- (o) + gla) o
A (@) o) (@)~ F@) ela)

dx g(x) g(z)?

Polynomial Functions:

1.

10.

¢ 0 where c is any real constant.
x

d
—x = 1.

dx

d
dx

dz
Trigonometric Functions:

L sina) = cosla).

L coslr) = ~Sin().
——tan(v) = sec®(x).
J-sec(x) = sec(x)tan(z).
L cot(a) = —esc?(z).
dixcsc(fﬁ) — _ese(x)cot(x).

Inverse Trigonometric Functions:

— 2" = n.2" !, where n is any real number.

d
—(ag + a1z + asx® + - - + a,2™) = (ay + 2a07 + 3azx® +
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d . 1
11 %sm (33) = ﬁ
d 1 1
12 %COS (l’) = —\/ﬁ
d 1
13. —tan }(z) =
dx an”(z) 1+ 22
d 1
14. —cot () = ———
dxco (x) 22
d 1
15. —sec Y(z) = x| > 1
dzx (%) ]a:\\/a:Q -1 |
16 d ) \ | > 1.
. —sec (x) = T
dx |:p|\/x2
Exponential Functions:
17 d o “In(z), wh >0
. —a” = a"ln(x), where a .
dx
d
18. %e““ = q.e®”.
Logarithmic Functions:
d 1
19. —I =—,z>0.
o n(z) 2
d 1
20. —I = > 0.
dx °95(2) m.ln(b)’x

Example3.7. 1. L(2™) = ma™ .

2. = (5/4)x%/4=1 = (5/4)x/4,

d
R

3. (a0 =Lyt 4+ L9 = 4g — 9710,
d

4. 4

2 —1

In-text Exercise 3.2. Find the derivative of y = — .
2+ 1

Example 3.8. At what points, the graph of the function f(z) = 623 — 18z + 1 have the

horizontal tangent line?

Solution. For the given function f(z) = 623 — 18z + 1, the points at which graph has
horizontal tangent is given by f’(z) = 0, that is 182% — 18 = 0, which gives z = 1, —1.
So the graph of the function has horizontal tangent line at the points (1,—11) and

(—1,13).
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Example 3.9. Find - ((2? — 5)(52° + = + 1)).

Solution. - ((2? —5)(5a® + x+1)) = (22 —5) L (5a® + z+ 1) + (52 + v + 1)L (2? — 5)

= (2% = 5)(152% + 1) + (52 + x + 1)(2x)
= (152 — 752? + 22 — 5) + (102* 4 22% + 2x)
= 25% — 722% 4 2z — 5.

Example 3.10. Find £ (2£0).

x2—|—1) _ (z+1)L@?+1) - (z*+1)L(z+1)
r+1 (x +1)2
(r+1)2z — (22 +1).1
B (x+1)2
2?42 —a2*—1 2P 42z -1
Y P E R P )

Example 3.11. Find L sin(z).(1 + cos(z))

Solution. —
olution dx(

Solution. -Lsin(z).(1+ cos(z)) = sin(z)-L(1+ cos(z)) + (1 + cos(z))Lsin(z)

= sin(x). — sin(z) + (1 + cos(x))cos(z)
= —sin?(x) + cos(x) + cos*(z).

15ft v

&

Figure 3.2: Ladder leaning against the wall.

Example 3.12. A 15 ft ladder makes an angle 6 with the horizontal (ground) as shown in
Figure 3.2. If the top of the ladder is « ft above the ground, Find the rate at which = changes
with respect to #, when § = 60°. Convert the answer in units of feet/degree.

Solution. Here we have sin(f) = x/15, that is
x = 15sin(6).

dz
= = 15cos(6).

which gives the rate of change in x, with respect to angle # in feet/radian.

When 6 = 60° or /3 radians, we have
d
& 15c0s(r/3) = 15.(1/2) (feet/radian).

do

Converting radian to degree, we get
15 =

2120 0.13 (feet/degree).
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3.4 Chain Rule

Theorem 3.2. Chain Rule
Ify = f(u) and u = g(x) are two derivable functions then,

dy dy du
de  du'dx’
Alternatively, the above result can be stated as:

If g is differentiable at = and f is differentiable at g(x), then the composition function
fog(x) is differentiable at x, and

d
- f9(@)) = (fog)'(z) = ['(9(2)).g ().
Example 3.13. Find 2, where y = sin(z?).

Solution. Given y = sin(z?).
Let u = z*, then y = sin(u).
By the Chain Rule, we get

&y _ dy du
dr dud'dx p
= —sin(u).—az* = Ax® = 428 4.
dusm(u) e cos(u).4x x°cos(z”)

Example 3.14. Find 2, where y = In(2?).

Solution. Given y = In(z?).
Let u = 22, then y = In(u).
By the Chain Rule, we get

dy dy du
dr dud.dx J 5 )
— 2 _ _
- %ln(u)ax = (1/u).2z = FEl
In-text Exercise 3.3. Find %, where y = tan™' (/7).

3.4.1 Derivative of Parametric Function

Theorem 3.3. If x = f(t) and y = g(t) are two differentiable functions of t, then

dy  dy/dt
dr  dx/dt’

Example 3.15. if 2(t) = a(cos(4t) — sin(2t)) and y(t) = €*, Find dy/dx.

dx/dt # 0.

Solution. Here x and y are functions of parameter ¢, therefore

dy  dy/dt
de ~ dz/dt
a(—4sin(4t) — 2cos(2t))  —a(2sin(4t) + cos(2t))).

2 ezt th
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Example 3.16. If z(t) = cos?(t) and y(t) = sin®(t), Find dy/dz.

Solution. Here x and y are functions of parameter ¢, therefore

dy  dy/dt
du dxjdt
_ 2cos(t)(—sin(t)) = —2 -2

3sin2(t).cos(t)  3sin(t) ?Csc(t),

In-text Exercise 3.4. If 2(t) = a(cos(t) + In(tan(t/2)) and y(t) = asin(t), Find dy/dzx.

3.5 Summary

1. The derivative of a function f at a point x denoted as f’(z) is defined as:

fa) — i LE ) =)

h—0 h

2. Every differentiable function is continuous.

3. A function f(z) is differentiable in an open interval (a, b) if f’(z) exists for all x €
(a,b).

4. Algebra of Derivatives: If f and ¢ are differentiable functions at = and ¢ be any
constant, then

(a) %(cf(w)) = cc%f(a:)

() (1) + () = 1) + ().

© S (F() ~ g(e)) = - f(x) ~ (o).

@ T F@)9(e) = @) o(e) + g(a) )
d f(z)  glo)gflz) = fla)fg(@)

© i gte) - ek

5. Chain Rule: if y = f(u) and u = g(x) are two derivable functions then,

dy dy du
dr  du'dx’
6. If x = f(t) and y = g(t) are two differentiable functions of ¢, then

dy  dy/dt

dr ~ dujdt dx/dt # 0.
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3.6 Self Assessment Exercises
1. Show that the function f(z) = |z — 1| is not differentiable at = = 1.
2. Show that the function defined as

f(x):{xZ if z<1

T if z>1

1s continuous at x = 1, but not differentiable at z = 1.
3. Show that the function f(z) = |z — 1| 4 |z + 1] is not differentiable at v = —1, 1.

4. Show that the function f(x) defined as

=

is not differentiable at x = 0.

5. Given an example of a function which is continuous at z = 1, but not differentiable
atx = 1.

6. Ify:x3/2+x,ﬁndj—gatx: 1.
7. Find %, if s(t) = (1 4+ t*)V1.
8. Find %, ify(x) = 1:—?2

9. Find 2, if y(z) = (22® + 1)(1 + &)2%/2.

10. Find 2, if y(z) = sec*(z) + tan'z).

. dy - _ sin~ )
11. Find d—z, if y(x) — T+tan(z)"

12. Find %, if y(z) = ()5,

1—22

13. Find 2, if y(2) = In(;25).
14. Find &, if y(z) = sin*(In(x)).
15. Find &, if y(z) = In(cos™(x)).

16. Find 2, if 2(t) = €'(cos(t) — sin(t)), y(t) = e'(cos(t) + sin(t)).
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3.7 Solution of In-text Exercises

In-text Exercise 3.1

04+ h)— f(O
Solution. To show that f’(0) exists we need to show that the limit }llir% O+ 2& 1)
_>
exists.
Let’s find the left-hand limit first.
L FO4R) —FO) AR = 0]
h—0~ h h—0~ h

Let’s find the right-hand limit now.

SO = fO) L hlE = 0f0
h—0t+ h h—0t h

Since, the left-hand limit and the right-hand limit are equal, the limit lim

f(O+h) - f(O)
h—0 h
exists. Hence given function is differentiable at x = 0.

In-text Exercise 3.2

2 2 o 2
Solution. @ _ 7 1 — (% +1)2z — (2 — 1)22 _ 4x ‘
doowt (e + 172 @+ 1)

In-text Exercise 3.3

Solution. Given y = tan™'(,/x).
Let u = /7, then y = tan™*(u).
By Chain Rule, we get

dy _ dy do
dr dud‘dm p
_ -1 el
= —-tan (u)dx\/f
1 1 1 1

T 122y 1+z2yz

In-text Exercise 3.4
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d
Solution. = d—": =a(—sin(t) + ——=2) =a(—sin(t) + ——=) =

d
and d—ri = acos(t)
dy dydt

Hence, e d i tan(t).

3.8 Suggested Readings

1. Anton, Howard, Bivens, Irl, Davis, Stephen (2013). Calculus (10th ed.). Wiley India
Pvt. Ltd. New Delhi. International Student Version. Indian Reprint 2016.

2. Prasad, Gorakh (2016). Differential Calculus (19th ed.). Pothishala Pvt. Ltd. Alla-
habad

3. Thomas Jr., George B., Weir, Maurice D., Hass, Joel (2014). Thomas’ Calculus
(13thed.). Pearson Education, Delhi. Indian Reprint 2017.
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Lesson - 4

Successive Differentiation and Partial
Differentiation

Dr. Sandeep kumar
Shaheed bhagat singh college
University of Delhi

Structure

4.1 Learning Objectives
4.2 Introduction
4.3 Higher Order Derivatives
4.3.1 n'" Order Derivatives of some Standard Functions
4.4 n'" Derivative of Product of two Functions
4.5 Partial Differentiation
4.6 Homogeneous Functions
4.7 Summary
4.8 Self Assessment Exercises
4.9 Solution of In-text Exercises

4.10 Suggested Readings

4.1 Learning Objectives

1.

2.

To understand the concept of successive differentiation.

To apply Leibinitz‘s theorem to find out the n'* derivative of the product of two
functions.

. To understand the concept of partial differentiation.

Understanding Euler’s theorem for homogeneous functions.

. To learn applications of Euler’s theorem.
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4.2 Introduction

In the previous lesson, we have learned about the concept of differentiability. The derivative
f'(x) of a function f(x) is either a constant or a function of z, if it exists. Therefore, f'(z)
may further be examined for differentiability. In this lesson, we will study the higher-order
derivatives of some standard functions and apply Leibinitz‘s theorem to find out higher-
order derivatives for the product of two functions.

Partial differentiation deals with the differentiation of a function of two or more vari-
ables. For example, the volume of a right circular cylinder depends on its radius and height,
the area of a triangle depends on the base length and its height. In this lesson, we will study
the concept of partial derivatives for functions with more than one variable. Further, we
will study about homogenous functions and Euler’s theorem for such functions.

4.3 Higher Order Derivatives

Let y = f(x) be a function differentiable at of x € R.
d
The first derivative of y = f(x) if exist, is denoted as y; = d_y = f'(z).
T

d d d d?
The second derivative of y = f(x) is denoted as Zz = difé :dfl_x(d_ayf;: d_:cz = f"(z).
Similarly, the third derivative is defined as y3 = % = %(d_xg) = d_a:z = f"(z), and
S0 on. ; PR o
The n'" derivative is defined as y,, = ?2;—1 = d_x( dx”—gf) = d_xz = f"(x).

Example 4.1. If © = a(cos(0) + 0sin(0)),y = a(sin(0) — Ocos(0)), find 3272.

Solution. Differentiating x = a(cos(#) + fsin(6)), and
y = a(sin(0) — Ocos(0)), with respect to 6, we obtain

% = a(—sin(0) + Ocos(0) + sin(0)) = abcos(0)
dy , ,
= a(cos(0) + Osin(0) — cos(8)) = absin(6)
dy dydf
dr o dr "0
d>y d de 9 1 sec®(0)
= @ @(tanw)).% - e w)'aﬂ.cos(e) o af

Example 4.2. If y = sin(sin(x)), then show that:

Ya + tan(x)y; + cos®(z)y = 0.
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Solution. We have y = sin(sin(x))
= y; = cos(sin(x))cos(z) (1
= Yy = —sin(sin(x))cos(x)cos(x) — cos(sin(x))sin(z)
= Yy = —ycos*(z) — y1sin(z)/cos(z) (using(1))
= 1y + tan(x)y; + cos*(z)y =0

Example 4.3. If 2+/1 — y? + yv/1 — 22 = a, then show that

d?y a

dre? (1 —a2)32

Solution. We have z1/1 — y2+yv1—122 =a
Substituting x = sin(f),y = sin(¢), we have
sin(0)cos(¢p) + sin(¢)cos(0) = a

= sin(0+¢)=a = 0+ ¢ =sin"'(a)

= sin"(z) + sin"!(y) = sin"*(a)

Differentiating both sides with respect to x, we obtain
1 1 dy

+ A
V1—a22 /1 —y2dz
dy _ V1-y (1)
de — 1—a2

Differentiating again with respect to x, we obtain

d2y — 1= V1 dac _y V1= z2

do? 1—x2
2 _ v 1-y? .

— fy= =L <y +x \/%) ... using(1)
dQ_y = _—1[33\/1 — 2+ yV1—2?] = S — (by using the given
dz? (1 — 22)3/2 (1 —x2)3/2

relation.)

In-text Exercise 4.1. If z = sin(t),y = sin(at) then show that:

(1 —2®)ys —ays +a’y =0

4.3.1 n'" Order Derivatives of some Standard Functions

(a) y = 0 Where a,b € R,

= y; = —La(ax +b)?
yp = —1. — 2.a*(ax + b)* = (=1)%.2\.a*(ax + b)*
y3 = (—1)2.21.(=3).a*(az + b)™* = (— 1) 3la’(ax +b)7*

Yo = (=1)"nl.a™(ax +n)~
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(b) y = (ax +b)", m € N, a and b are real constants.

= y; = m.a(ar +b)™!
Yo = m(m — 1).a*(ax + b)" 2
ys = m(m — 1)(m — 2)a®(ax + b)™ 3

Yo =m(m—1)(m—-2)...(m—(n—1))a"(ax +n)" " = (mmf!n)!a”(ax +b)" "

(¢) y =log(ax +b)

a
ar +b

h =

a
. = (n — 1)th derivative of
Yn, = (n — 1)th derivative o p—

_ (=) (= 1)l

(az + b by using part (a).

(d) y = sin(ax + b)

y1 = acos(ax + b) = asin(ax + b+ z)

2
2
Yo = a’*cos(ax + b+ g) = a’*sin(ax + b+ ;)
2 3
y3 = a*cos(ax + b+ g) = a’sin(azx + b+ §>
Yn = a"sin(ax + b+ %)

(e) y = cos(ax + b)
Following the process of part (d), we obtain

Yn = a"cos(ax + b+ %)

) y=e"sin(bx + c)
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y1 = ae®sin(bx + ¢) + be"cos(bx + c¢)
= e"(asin(bx + ¢) + bcos(bx + ¢))
Substituting a = rcos(6),b = rsin(0)
— r =+a?+ b tan(h) = b/a
= y; = re®(sin(bx + c)cos(0) + cos(bx + ¢)sin(h))
=re*sin(br + c+ 0)
Similarly, iy = r?e*“*sin(bx + c + 20)

o = P sin(ba + ¢ + n), wherer = Va? + 2,6 = tan™ (b/a).

(g) y = e*cos(bx + c)

Following the process of part (f), we obtain

Yp = r"e"cos(bx + ¢ + nf), wherer = Va2 + b2,0 = tan"* (b/a).

1

Example 4.4. Find the nth derivative of m

Solution. Let’s convert the given function into some standard known function, whose nth

derivative formula is known to us.
Using the partial fractions we have:

1 1
Y21 e 11222 (1-30)(1— 42)
4 3
1—4z 1-3z
(1)l (=3)"(=1)"n!
oy, =g ENTED T (ML e 43010a)

(1 _ 4x)n+1 (1 _ 313)”+1

() ()

Example 4.5. Find the n'* derivative of y = sin(3z)cos(2x).

Solution. Given y = sin(3z)cos(2z)
= 1(sin(5z) + sin(z))
— y, = 3(5"sin(5z + n7w/2) + 1"sin(z + nw/2)) using Result 4.3.1(d, e).

Example 4.6. Fin the n'" derivative of y = e**sin’(z).
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y = e**sin'(x)
= e?*(1/4)(2sin*(z))?
= e2*(1 — cos(2x))?

2z
— y = %(1 + cos*(2x) — 2cos(21))
1 1 2
= 62’3(1 - §(2cos(2x))2 — @)
1 1 1 2
= 6296(1 + g + gCOS(éLZE) — COS( x))
3e2 1
= Z + ge%cos(élx) - 56290608(2[[)
3.2m L L, 15" ,, .
= Y, = Te + Te cos(4x + nb) — 5 e“cos(2x +ny), using 4.3.1(d, e).

wherer = /22 + 42,0 = tan""(4/2),5 = V22 + 22 ¢ = tan"'(2/2).

-1
In-text Exercise 4.2. If y = xlog(x—ﬂ), show that
T

yo = (~1)"(n — 2)! ((

)

4.4 n'" Derivative of Product of two Functions

Theorem 4.1. (Leibnitz’s Theorem)
If u(z) and v(x) are any two functions having derivative up to n'* order, then we have:

n n n n n
(w.v), = uy.0+ Up— U1+ Up—_oUgt+ -+ Upyp Uy - - U Uy 1+ uvy,
1 2 T n—1 n

Here f, denotes the n'" derivative of function f.

Example 4.7. If y = (sin~!(z))?, show that:

(1-— $2)yn+2 —(2n + Dy, — n?y, = 0.

Solution. Given y = (sin™'(z))? (1)
2sin~1(x)

Vi

Squaring on both sides, and using (1), we have:
(1—2%)yi =4y using (1)

= (1—-2%)y; —4y =0
Differentiating again w.r.t. x, we get

(1= 2%)2y1y0 — 2zy7 — 4y =0

:>y1:
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= (1—a2®)ypg —ay; —2=0 ..(3)
Differentiating (3), n times using Leibnitz’s Theorem, we have
Takingu = yo,v = (1 — 2%) in (1 — 2?)y, and u = y;, v = z in zy;.

o (e G (e

= (1-— x2)yn+2 —2nxyn1 —n(n — Dy, — 2Yps1 — nyp, =0
— (1 — 2 Yns2 — (20 + 1)yns1 — n*y, = 0 (Hence Proved.)

Example 4.8. If y = [z + /1 + 22]%, then prove that:
(1+ @)yt + (20 + Daynsr + (> = a®)y, = 0

Solution. Given y = [z + /1 + 22]* (1)
Differentiating w.r.t. z, we have
2
= afz + V14 22]* {1—1-—}
i =l | N

== Yy = using (1)

ay
Vit
— V1+ 2%y, = ay
Squaring on both sides, we get
(1+2%)y; = a®y’
Differentiating w.r.t. x, we have
2(1+ xQ)yﬂJz + Qxyf —2a*yy; =0
= (1+2°)y2 + a2y, —a*y =0 ... (2) (cancelling 2y;)
Differentiating (2), n times using Leibnitz’s rule, we have:

n n n
|:(1 -+ $2)yn+2 + (1)2xyn+1 + (2) 2yn‘| + [xynJrl + <l)yn:| - a2yn = 0

— (1 4+ 2 Yny2 + 20nYpi1 +n(n — Dyp + TYpp1 + 0y — a’y, = 0
— (14 2H)Yny2 + 2(2n + Dyns1 + (n? — @)y, = 0. (Hence Proved)

Example 4.9. If y = acos(log(z)) + bsin(log(x)), then show that

Yoy + 20+ Dy + (0% + 1)y, =0
Solution. Given y = acos(log(x)) + bsin(log(z)) (1)
Differentiating w.r.t. z, we get
b
v = —%sm(log(a:)) + Ecos(log(x))
= xy; = —asin(log(x)) + beos(log(x))
Differentiating again w.r.t. x, we have
b
Yy + Y1 = —%cos(log(:c)) — Esz'n(log(:z:))
— 2%ys + xy; = —acos(log(x)) — bsin(log(x)) = —y  using (1)

— 2 tay+y=0
Now Differentiating n times, by using Leibnitz’s theorem, we get

n n n
[x2yn+2 + (1)2wyn+l + (2)2yn:| + |:xyn+1 + (1)yn:| + Yn = 0

— $2yn+2 + 2znyn o +n(n — 1)y, + Y1 + nYn + yn =0
= 2?Ypi2 + 2n + D)y, + (0> + 1)y, =0  (Hence Proved)
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Example 4.10. If cos™! <%> = log (E)n, then show that:
n

Yo+ (2n + Day, 1 + 2n%y, = 0.

Solution. Given cos ™! (%) = n(log(x) — log(n)).

= y = bceos(nlog(x) — nlog(n)) (1)

Differentiating w.r.t. z, we have

y1 = —bsin(nlog(x) — nlog(n))(n/x)

= zy; = —nbsin(nlog(z) — nlog(n))

Differentiating again w.r.t. x, we get

xYs + 11 = —nbcos(nlog(x) — nlog(n))(n/z)

= 2%yy + xy; = —n’bcos(nlog(z) — nlog(n)) = —n*y  using (1)

= 2%y +ay +nPy=0

Differentiating n times by using Leibnitz’s theorem, we get:

n n n
[x2yn+2 + (1)2xyn+l + (2)2yn:| + |:xyn+1 + (1)yn:| + n2yn =0

= T Yni2 + 200Yni1 + (0 — Dyn + TYs1 + 0y + 07y, =0
= 2%Ypi2 + (2n + 1)ay,y1 — n*y, =0  (Hence Proved)

Example 4.11. If f(z) = tan(x), then show that:

nim

0 = (5) a0+ () Fica®) = = sin 50,

sin(x)

Solution. Given that f(x) = tan(z) = @
COS\T

= cos(z)f(x) = sin(z)
Differentiating n times by using Leibnitz’s Theorem

— futwosa)+ () faae)sina)) () fucate)(-coston+ () uca(olsinta)+

n Fo_a(z)cos(x) + - -+ = sin(z + n—W)
(5 :

Putting x = 0 in above equation , we have
nm

o0 = () fos(0)+ () Faca0) = = sinl 50,

Example 4.12. By forming the n'* derivative of 22" in two different ways, show that

n> n*(n—17% n*n—12%n-2)> on)!
R U L L Vo L O 1
12 1222 122232 (n)?

Solution. One can easily see that

B T S L SR S L
dxm 7 dpnt T dgn2

n n

Now lets write 22" = 2".x
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Differentiating both sides n time and applying Leibnitz’s theorem to right hand side:

L (’f) (nlz)(na™1) + (”) (% 22)(n(n — 1)22)

dx 2) 2!
# (5 Gre)nn = D=2 4+
— nlz" {1 - ?2;21) AU ;.12)2_(;_ I Y

Now

d
d—xQ” =2n(2n —1)(2n —2)...(2n — (n — 1))2* "
T
=2n2n—1)2n—-2)...(n+ 1)a"
_2n(2n—1)(2n—2)...(n+ 1)n(n —1)...3.2.12"
B n(n—1)...3.2.1
(2n)lz"
= .. (2)
Comparing (1) and (2), we have
n> n?’(n—172% n?*n-1)>%*n-2)? (2n)!
1+ Tt EOERE S e (HenceProved).

Example 4.13. If y = ¢/ ' (®), show that

(L4 2*)ypso + 2(n + 1) — Dyn1 + n(n + 1)y, = 0

Solution. If y = efon ™' (@)
Differentiating w.r.t. z, we get

tan~1(z)

h=e 1+ a2

= (I+a*)y =y
Differentiating again w.r.t. z, we get

= (1+ 2%y +2zp =y

= (1+ 2%y + 22y —y1 =0

Differentiating n times, by using Leibnitz’s Theorem, we get

n n n

— (1+ x2>yn+2 + (1)2xyn+1 + (2)2yn + 22Yp41 + (1>2yn — Y1 =0
- (1 + IQ)yn+2 + 2nxyn+1 + TL(TL - 1)yn + 2xyn+1 + 2nyn — Yn4+1 = 0
— 1+ 2y + 2+ Dz — Dyppr +n(n+ 1)y, =0
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Example 4.14. If y = sin(msin~'(x)), show that

(1 - m2)yn+2 - (2TL + 1)xyn+1 + (TLQ - mZ)yn =0
Further, find out y,,(0).

Solution. Given y = sin(msin~!(z)) (1)
Differentiating w.r.t. z, we get

= )
— (1 —2%)y? = m?cos*(m sin~*(z))
=m?(1 — sin*(msin~!(x))) = m?*(1 — y?)
— (1 -2y = m2(1 ~ )
Differentiating again w.r.t. x, we get
= (1 —2%)2y1 — 22y} = —2m°yy,
— (1 -2y, —ays +m?’y =0 ... (3) (cancelling 2y, from both sides)
Differentiating n times, by using Libenitz’s Theorem, we get
(= hsat () 200+ () =2 = s = (]t =0
= (1 - x2>yn+2 — 2nTYn41 — n(n - 1)yn — TYny1 — NYn + m2yn =0
— (1 - x2>yn+2 - (2n + l)xyn—&-l + (m2 - n2)yn = 0)
Now for z = 0, we get
Y2 (0) = (02 =2y (0) .. (4)
Alsoy(0) =0 from (1)
y1(0) =m  from (2)
y2(0) =0 from (3)
Substituting n = 1,2, 3, ... in (4), we have
y3(0) = (n* —m*)yi(0) = (1> = m*)m
ya(0) = (n* = m*)ya(0) = (22 —m?)0 = 0
y5(0) = (n* — m?)ys(0) = (3* = m*)(1* — m*)m
Generalizing the above pattern we can conclude:

0 if n is even
yn(o) = {

y1 = cos(m sin~'(x))

m[(1* —=m?) (32 —m?) ... ((n —2)* —=m?)] ifnisodd
Example 4.15. If y = log(x + /1 + 22), show that
(14 2%)yns2 + (20 + D)ayni + 0y, =0
Hence, find y,,(0).

Solution. Given y = log(x + V1 + 2?) (1)
Differentiating w.r.t. z, we get

1 T
o r+ V1 +£E2(1 - V1 —1—332)
= V1+a22y, =1
— (1+2Yyi=1 .. (2)
Differentiating again w.r.t. z, we get
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(1+ 2%)2y192 + 227 = 0
— (1+2¥)y+2y, =0 ..(3)
Differentiating n times by using Leibnitz’s Theorem, we get

n n n
(14 2%)yps2 + ( )nynﬂ + ( )2% + XYny1 + < )yn =0

1 2 1
= (1+ xQ)yn—i—Z + 22nYp41 + n(n — Dyn + TYni1 + 1y, = 0
= (14 2%)Ypso + (20 + Dyps1 +n’y, =0 . (4)
Putting = 0 in (4), we have
Yni2(0) = —n2y,(0) ... ()

Putting z = 0in (1), (2) and (3), we get

y(0) = 0,5:(0) = 1,3,(0) = 0.
Now substituting n = 1,2, 3,... in (4), we get

y3(0) = —1%1(0) = —(1)?

y4(0) = —2%y5(0) = 0

y5(0) = —32y3(0) = —(1)2.12.32

y6(0) = —4*y4(0) = 0

y7(0) = —5%y5(0) = —(1)3.1%.3%.52
Generalising the above pattern we get:

yn(0) = 0 if n 1s even

(—1)"123%5%(n — 1)> if nis odd
In-text Exercise 4.3. If y = tan~!(z), prove that

(1+ IZ)yn+2 +2(n+ Daypr +nn+ 1)y, =0
Hence, find y,,(0)

4.5 Partial Differentiation

Definition 4.1. Let z = f(z,y) be a function of two variables = and y. The partial deriva-
tive of z w.r.t. =, denoted as %, 1s defined as:

92 _ y Se ) =)

provided the limit exists.
Note that y is treated as constant in the above definition.

Similarly, the partial derivative of z w.r.t. y, denoted as g—; is defined as:
o _
Oz _ . Sy +F) — fz,y)
dy k=0 k

provided the limit exists.

Note that x is treated as constant in the above definition.
The partial derivatives % and % are called first-order partial derivatives of z = f(x,y)
T Y
with respect to z and y respectively. They are also denoted as % or f, and g—i or fy.
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Result4.1. 1. To find out %, differentiate z = f(x,y), w.r.t. z, treating y as constant.

2. To find out g_zj’ differentiate z = f(x,y), w.r.t. y, treating = as constant.

The functions g—; and g—; are again functions of two variables, and we can further find
out partial derivatives of these functions, which are defined as:
.9 (82’) 0%z
Ox 0x’  0x2
L0 (32) 0%z
oy Oy’ Oy?
L0 ((92) 9%
ox 0y’  Oxdy
0 0z 0%z

gy(%) B Oy oz
These are called second order partial derivatives.

Note. One must note that in general 0% #* 0%
. & Oxdy " Oyox
. o 0%z 0%z
Theorem 4.2. If the second order partial derivatives and
0z Jy Oy Ox
then
0%z 9%z
oxdy  Oyox

Example 4.16. Find the first order and second order partial derivatives of

(1)z = 2° +* + 122y (ii)z = (tan™ ') (z/y)

Solution. (i)
Given z = 2% + ¢* + 122y

0
- a_z = 322 + 12y (Treating y as a constant)
x
0
— a—z = 3y2 + 12x (Treating = as a constant)
Y
- 0% 6
— = 0x
ox?
P
o2 Y
0%z
= =12
0z Jy
0%z
= =12
Oy Ox
2 0%z
Note that =
(Note tha 0x dy 0y8x)
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Solution. (ii)
Given z = (tan ') (z/y)

dz 1 1 y
Or 1+%y a’+y*
0z 1 - -z
oy 1+5 Y a4y’
0%z —1.(2*+y*) — (—2)(2x) 22 — o>
—— e = .
dx dy (22 +y?)? (22 +y?)?
92z _ L(&4+yH)-()(2y) _ _x?—y?
and :; Dy Oz _2 (§2+y )2 T (a2 +y?)?”
. — -2
aieo 2 0~ () 2y
972 (22 + 42)? (22 + y2)2
ond D’z 0.(2*+y°) = (—2)(2y)  2xy
6y2 - (xz + yz)z o <x2 + y2)2'
0%z 0%z
Note that =
(Note tha Ox Oy 8y(9x)

2 2 2
Example 4.17. If u = (2% + y? + 2%)7/2, then show that gxg + gyZ + g;; =0.
We have 2% = (—1/2)(:1:2 + %+ 22) 73222
= —x(2® +9° —I—z 2)=3/2,
o = = (3/2)(2 +y* +2°)° 2r.a — (2 4y 27)
= (22 + 97 +22) 72322 - (2% + ¢ + 27)
— (mz 4 y2 + 22)—5/2(2x2 o yQ . 22)
Slmllarly, we have
gy“ = (22 + 92 + 22)72(29? — 2% — 2?)

and 2% = (22 + y? + 2%)752(22% — 2% — ¢?)

—

O*u  0*u  0u 2,2, .2\-5/2 2 92 2 2 2 2 2 2 2
= 92 o2 022 = (2% 4y +27) V(20— =2+ (27 -0 = 2%) + (227 2 —y)) = 0

Example 4.18. Show that if z = zcos(y/x) + tan(y/x), then

0% 92 L,0%
+ 2x + =0, =#0
T2 T “Yoaray v y? 7

Given z = :zrcos(y/:v) + tan(y/x)
= 52 = cos(y/x) — wsin(y/x)(—y/2") + sec*(y/x)(~y/2?)
= cos(y/x) + (y/x)sin(y/x) — (y/z*)sec*(y/x) ~ ...(1)
and g—; = —zsin(y/z)(1/x) + sec*(y/z)(1/x)
= —sin(y/z) + sec*(y/z)/x . (2)
Now, multiplying (1) by x and (2) by y and adding we get
xdz + yg—; = zcos(y/x) ..(3)
leferenuaung (3) partially w.r.t. z and y , we get
105 22 Ly D pin(y/o)(—y/a®) + cos(y/z) ... (4)
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2, 2 2, .
and:p%—i—g—y—f—yg—w:—xsm(y/x)(l/x) ... (D)
Multiplying (4) by x and (5) by y and adding, we get

zZ 4 22 22 2Z
xg—x+yg—y+x2%+y23—y2+2xyaiay = zcos(y/x) ... (6)

From (3) and (6), we get

0%z 0%z 0%z
27 ~ 2) 27~ =0
vy + xy(?may Ty 0y?

In-text Exercise 4.4. If u = log(z® + y® + 2% — 3wyz), show that
ou Odu OJdu 3

or "oy T Taxyte

4.6 Homogeneous Functions

Definition 4.2. A function z = f(z,y) is said to be homogeneous function of degree n, if
it can be written in the form:

for some function g.
For illustration we have
1.z = ax® + by + cy® = 2*(a + bL + ¢(¥)?) = 2%g(¥) is a homogeneous function of

degree 2. Here, g(t) = a + bt + ct>.

3
; s = xg(g) is a homogeneous function of degree 1. Here
x

3+ P L+ (
=z
x2 + 12 1+ (

1448
9(t) = =

2. z =

SESEES

Theorem 4.3. (Euler’s Theorem on Homogeneous Functions)
If z = f(z,y) is a homogeneous function of degree n, then

Corollary 4.1. If z = f(x,y) is a homogeneous function of degree n, then it follows from
the Euler’s Theorem, that

0%z 0%z 0z
@ 255 TVara, ~ " Vo
0%z 0%z 0z
®) yo =+ 55 (n— 1)8_y
0%z 0? 0%z
2072 2072 _ _
) = 52 + Qxyaxa +y 052 n(n—1)z
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Example 4.19. Verify Euler’s Theorem for z = tan™'(y/x).

Solution. Clearly z = 2°tan ™" (y/x) is a homogeneous function of degree n = 0.

0z

—-— = NnZz.
dy

To verify Euler’s Theorem we need to show that xa—z +vy
x

822 —y/a? Yy

dy 1+ (y/x)?  a24y*
0 0
Therefore, 7 o= + y oo — Ty Ty

— =0=0.
oz 70y x? + 12 Jr952+y? :

2 2

Example 4.20. If 2 = log ? , then prove that:
r+y
0 0
z Z_ 1

z? + 2
r+y
vyt L+ (y/e)?
Tty 1+ (y/z)
This implies that v is a homogeneous function of degree 1.

Therefore by Euler’s Theorem, we have
ou ou

Solution. Given z = log

— u:eZ:

xa—x—l—y@:l.u:e (1)
ou Ou 0z L0z
NOW,a—x—a—Z.a—x—ea—x, (2)
ou_‘duot” To: U
dy 0z 0y Oy
From (1), (2) and (3), we have:
ez(:z:% + %) =e*
ox y(‘?y N
— x% + % =1
ox yay N
z? + y?
Example 4.21. If z = sin™! ( > then show that
r+y
ZB% + 9z _ tan(z)
ox yay

z+y 1+y/x
Clearly u is a homogeneous function of degree 1.

Therefore, by the Euler’s theorem, we have

Solution. Let u = sin(z) = <M> —_ <1+(y/x)2)

ou ou )
T + y@ = l.u = sin(z) (1)
Jdu Ou 0z 0z
NOWa—ng.a—x:COS(Z)%, (2)
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- d 3
oy 0.0y Vg, ()
From (1) and (3), we have:

(N +y 2 = sin(2)
cos(2)(w 5 ygy = sin(z
== x% + 9z _ tan(z)

ox y@y
_ + vy
Example 4.22. If 2 = tan~! (x—) , then prove that
P N VG p
0z N 0z _ sin(2z)
e y@y 4

Tty :ZL'1/2( 1+y/x
VI +y L+ Vy/z
Therefore, u is a homogeneous function of degree 1/2.

By Euler’s theorem, we have
Ju Ju u tan(z)

Solution. Let u = tan(z) =

)

T Ve T3 3 (1)

Now, g;‘ = % % = sec 2@)%, g—;‘ = %g—; = seCQ(z)g—;
From (1) and (2), we have:

SGCQ(Z)(ZUa— + y@y) = tan(z)/2

. x% N g; 22(:252) 2sm(zicos(z) _ SZ?I(QZ).

Example 4.23. If > = tan"" (‘” v’ ) then show that

822 0%z ,0%2
2 1 — 4sin® (2
8 5+t ya Jy + 9 oy =( sin®(z))sin(2z)

P4yt L1+ (/)

o | —y © 1—(y/a)
This implies that v is a homogeneous function with degree 2.
Therefore by Euler’s Theorem, we have

Solution. Let u = tan(z) =

ou ou
axgya 8_28“_2mn()8 0 ou 0 0
w_ouoz_ L 2ngE du_ouoz 2097
Now oc 8z 0z C (2)8x’ Oy 0z Oy sec’(2) oy

From (1) and (2), we have:

2 9% 95 =
sec (z)(x&z: + y@y) 2tan(z)

dz  0Jz 2tan(z) _
= 2 .
oz Ty ay sec?(z) = sin(22) (3)

Differentiating (3), w.r.t.  and y, we get
dz 0%z 0%z 0z
= 2co0s(2z)— .4
0s(2) - . (4)

oz Yoz VVozay
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0%z 0z 0%z Dz
g - =9 2z)— RN
xaxﬁy + 9y + y8y2 cos(2z) Iy (5)
Multiplying (4) by x and (5) by y and adding, we get
82 n , 0%z 49 03z L 8z+ 0z ~ 2c05(22)(x 8z+ 8,2)
T T a2 “Yorar T Tor " Yoy oz Yoy
2622 2 83 )
= 2 + 42 9 + Qxya e + 2sin(2z) = 2cos(2z)sin(2z)
0%z 82 03z .
— xzW 1 g2 o + 2z y@xa 5 = sin(2z)(2cos(2z) — 1)

= s1n(22)(1 — 2(1 — cos(22))) = sin(2z2)(1 — 4sin?(z).

4.7 Summary

1. Ify = 1o, y, = (—1)"nl.a"(azx +n)~"+D

2. Ify = (azx +0)", yo = 50" (az + )"

_ ()" (n=—)ta”

3. Ify = log(ax 4+ b), y, (az+b)n

4. If y = sin(az + b), y, = a"sin(az + b+ =)
5. If y = cos(ax +b), y, = a"cos(azx + b+ ).

6. If y = esin(bx + ¢), y, = r"e*sin(bxr + ¢ + nb), wherer = va?+b%,0 =
tan='(b/a).

7. Ify = e*cos(bx + ¢), y,, = r"e*cos(bx + ¢ + nb), wherer = va? + b0 =
tan=t(b/a).

8. (Leibnitz’s Theorem) If u(z) and v(x) are any two functions having derivative up
to n'" order, then we have:

n n n n n
(w.v), = uy.0+ Up—1U1+ Up—_oUgt+ -+ Upyyp Uy - - - U Uy 1+ uvy,
1 2 T n—1 n

9. (Euler’s Theorem on Homogeneous Functions)

If 2 = f(z,y) is a homogeneous function of degree n, then

0z 0z
rT— +vy =nz.

ox 8y
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4.8 Self Assessment Exercises

10.

11.

12.

Ity = z(z + 1Dlog(x + 1)3, Find y,,.

If 25 + y® = 5a?23, then show that

6a?x?(a® + z°)

) =0.

Yo +

. Show that the n'" derivative of y = sin*(x), is given by

4n
Yp = —2" cos(2z + ng) + gcos(élx + %T)

if y = sin(max) + cos(ma), show that:

Yn = m"(1+ (—1)"sin(2mx)).

. Find the n'" derivative of y = sin®(z)cos®(x).

Ify = ™" ' ®) then show that:

(1 —2*)Ypio — 20+ Day, . — (n* +m?)y, =0

. If y = cos(msin~'(z)), then show that:

(1-— $2)yn+2 — (2n+ Dy, + (m* — n2)yn =0

. If y = sin~!(x), then show that:

(1 - xQ)yn+2 - (271 + 1)xyn+1 - nzyn =0

. If y = sin"'(x)/v/1 — 2, then show that:

(1-— x2)yn+2 — (2n+ 3)xyp1 — (n+ 1)2yn =0

It y% + y%1 = 2x, then show that:

(‘rZ - 1>yn+2 + (2n + 1>xyn+1 + (n2 - m2)yn =0
(=1)"*(n—1)!

Show that the n'" derivative of zlog(z) is -
"

n

d
If I, = d—(m”logx), then prove that [,, = nl,,_; + (n — 1)! Further show that
:L.n

I, =nl(log(z) +1+1/2+1/3+---+1/n)
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 Ify = (1 —2)'"% ", then show that:

(1 —2)yns1 — (n+ ax)zy, —nay,_1 =0

CIfy = ¢™eos (@) then show that:

(1-— xQ)ynJrg — (2n+ Doy, — (n2 + m2)yn =0

Find y,(0).

22
. If y = e’ cos(z), then show that:

Yona2(0) — 4nys, (0) + (2n — 1)2nys, -2 =0
. If 2 = log(2* + y?), then show that

0*u  0%u
our gy =
. 1d 2 = log(2® + y* — 2%y — xy?), then show that
dz 0z 2

Jdr 0Oy x+vy

. Ifu =log(z* + y* + 2*) show that

xﬁzu Q% . 0%u
oydz Y900 0z Jy

Af z = sin7!(z/y) + tan~'(y/z), then show that

x%jt %—0
Ox y@y_'

. If 2 = log(a® + y?) + tan™*(y/x), then show that

0%z N %z 0
ox2 oy
 If 2 = cos™( \/gf\’/y), then show that
0 0
xa—; + ya—; = (—=1/2)cot(z).
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22. If z = secil(xiff) then show that

23. If z = z*tan~'(y/x) — y*tan™'(z/y), then show that

032 % —y?

0xoy? 2 +12

24. If z = f(r), where 72 = x? + y?, then show that

0%z 0%z fr)

W—i_a_yQ:fQ(T)—i_T

25. If z = %, then show that

822+ 032 _2%
0x? yax8y2 - Tox

X

4.9 Solution of In-text Exercises

In-text Exercise 4.1

Solution. Given z = sin(t),y = sin(at) ...(1)
— 5 = cos(t), S = acos(ar)
dt = COS ,dt = acos\at).

dy dydt acos(at)
e = — = —— = —
N=r = dtdr cos(t)
Differentiating w.r.t. z, we get

d ,acos(at). dt

2= %< cos(t) )% -+ (2)
_ —cos(t)p®sin(at) + pcos(at)sin(t) 1
= cos®(t) cos(t)
acos(at)

— cos*(t)y, = —a’sin(at) + sin(t) cos(h)
— (1 —sin*(t))ys = —a’y + xy> using (1) and (2).
—= (1—2%)y, —ay1 +a’y =0
In-text Exercise 4.2
Solution. We have y = xlog(i—:) = z(log(x — 1) — log(x + 1))
Differentiating w.r.t. z, we get
=1 -1 -1 1
yr=log(z —1) —log(z + 1) + 2(-—7 — —
— y; = log(x — 1) — log(x + 1) + ngl.

1

)
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— y; = log(x — 1) — log(xz + 1) + (ﬁ + w%r,)
Differentiating n — 1 times we have
1 1

n—2 n—1 1 1
Yo = (=1)""(n=2)! ((x — Dl (4 1>n1)+(_1) (n—1)! ((;c —1) (z+ 1)”)
— Y= (1" =2)! (@ = 1) = (0= 1) = el + D + (0= 1))

(z—1") (z+1)"
— = 02 (o - )

(z—1)" (x4 1))

In-text Exercise 4.3

Solution. Given y = tan™'(z) (1)
Differentiating w.r.t. z, we get
vy = 1/(1 + 2?) ...(2)
Differentiating again w.r.t. x, we get
—2x

2= (14 22)?

— (1+a2%y, = —22y; using (2)

= (14 2?)ys + 2271 =0 ... (3)

Differentiating n times by using Lebnitz’s theorem, we get

n n n
(1+ 372)?/n+2 + ( )Qﬂfynﬂ + ( )Q?Jn + 20Ypq1 + 2( )yn =0

1 2 1
= (1 4+ 2H)Yny2 + 202Ypi1 +n(n — Dyn + 229,11 + 20y, = 0
= (1+ 2 yny2 +22(n+ Dypp1 +n(n+ 1)y, =0 . (4)
Substituting z = 0 in (4)
Yn+2(0) = —n(n + 1)y, (0) ... (D)

Substituting x = 0 in (1) y(0) = 0 From (2), y1(0) = 1
From (2), y2(0) =0

Substituting n = 1,2, 3, ... in (5§), we have

y3(0) = —1.2y,(0) = —2!

ya(0) = —2.3y2(0) = 0

y5(0) = —3.4.y3(0) = 4!

ys(0) = —4.5y4(0) = 0

y7(0) = —5.6.y5(0) = —6! and so on

In general

0 if n is even
yn(o) - n—1 . .
(=1)z n! ifnisodd

In-text Exercise 4.4

Solution. Given u = log(z> + y* + 2° — 3xyz), then

ou 322 — 3yz

or a3 +y3+ 23 — 3ayz’

ou 3y? — 3xz

Oy a3 +13 4 23 — ey’
ou 322 — 3y

and =

8z a3+ 1P+ 2% — 3xyz

79



ou  Ou Ou  3(®+y*+ 2%) = 3(zy + yz + x2)
ox Oy 0z 3+ 3+ 23 — 3xyz
B 3+ + 22 —ay —yz —x2)
(x4+y+2) (a2 +y2+22 -2y —yz —x2)
3

r+y—+z

4.10 Suggested Readings

1. Anton, Howard, Bivens, Irl, Davis, Stephen (2013). Calculus (10th ed.). Wiley India
Pvt. Ltd. New Delhi. International Student Version. Indian Reprint 2016.

2. Prasad, Gorakh (2016). Differential Calculus (19th ed.). Pothishala Pvt. Ltd. Alla-
habad

3. Thomas Jr., George B., Weir, Maurice D., Hass, Joel (2014). Thomas’ Calculus
(13thed.). Pearson Education, Delhi. Indian Reprint 2017.
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Lesson - 5

Relative Extremum

Mr. Sanyam Gupta
Assistant Professor
Ramanujan college
University of Delhi
Structure

5.1 Learning Objectives

5.2 Introduction

5.3 Definitions

5.4 First Derivative Test

5.5 Second Derivative Test
5.6 Summary

5.7 Self Assessment Exercises

5.8 Solution to In-Text Exercises

5.1 Learning Objectives
* To learn the concept of extrema
* To distinguish between local extrema nd global extrema.

* First and second derivative test for finding relative extrema.

5.2 Introduction

Extreme values (minimum or maximum) play important role in real life. For example,
maximum revenue, minimum cost, maximum area of a field, minimum-maximum velocity
of a article attained in a interval etc. Geometrically, the peaks and the valleys on the graph
of a function represent the point of extremum (maximum or minimum). There are two
kinds of extrema namely, local extrema and global extrema. In this lesson we will discuss
these concepts mathematically. We willalso discuss the methods to find the extrema of a
function with some applications.
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5.3 Definitions

1. Relative (local) Extrema:

* A function is said to have relative maximum at x, if there is an open interval
containing zo on which f(x) is the largest value, that is, f(xo) > f(x) for all
x in the interval. The value of f(z) is then called the relative maximum value
in the interval.

* A function is said to have relative minimum at x; if there is an open interval
containing xy on which f(xg) is the smallest value, that is, f(zq) < f(z) for all
x in the interval. The value of f(x() is then called the relative minimum value
in the interval.

e If f has either a relative maximum or a relative minimum at zg,in the interval
I then f is said to have a relative extremum at xy and f(z) is then called the
relative extremum value in 1.

The point z( in the above definitions is called a critical point.

2. Global Extremum:

A function is said to have global extremum at a point ¢ in an interval = [a, b] if
f(¢) > f(x) for all x in the interval I. Similarly, f is said to have global minimum at
cin an interval I = [a,b] if f(¢) < f(x) for all  in the interval 1.

Note: If f is differentiable function on I = [a, b, then f has a global extremum at
x = c € L. Then either ¢ = a or ¢ = b is a point of relative extremum

Example 5.1. Consider the function f(z) = 2z% x € (—o0,00). Then f is continuous
and differentiable for all x € (—o0, 00). f has the least value (global minimum) at x = 0,
which is also a local minimum. The graph of f(z) is plotted in the given figure.

v

Figure 5.1: f(z) = 22°
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Example 5.2. Consider the function f(z) = —22% x € (—o00,00). Then f is continuous
and differentiable for all z € (—o00,00). f has the maximum value (global maximum) at
x = 0, which is also a local maximum. The graph of f(x) is plotted in the given figure.

5

-5

Figure 5.2: f(z) = —22?

Note: It can be noted that there are functions which do not posses relative extrema,
Also it is not necessary for a function to be differentiable to possess global extrema. We
illustrate these facts in the following examples.

Example 5.3. Consider the function f(z) = 23,z € (—o00,00). Then f is continuous
and differentiable for all x € (—oo,00) and f'(x) = 32%,2 € (—o0,00) f does not
have relative extremum at x = 0, as there exits interval (—1,1) containing O such that
f(—1/2) = —1/8 < f(0) < f(1/2) = 1/8. Therefore f(0) is neither relative maximum
nor relative minimum.

Figure 5.3: f(z) = 2*

Example 5.4. Consider the function f(z) = sin(x),x € (—o00,00). Then f is continuous
and differentiable for all z € (—o00,00) and f'(x) = cos,z € (—o00,00) f has the least
value at z = —37 T which is a local minimum and f has the maximum value at v =

22
_T?”T, EREL 37” which is local maximum. The graph of f(x) is ploted in the given figure.
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Figure 5.4: f(z) = sin(x)
Example 5.5. Figure 5.5 shows that f(z) = 3 — 3z + 5 has relative maximum at z = —1
and relative minimum at x = 1. Therefore x = —1, 1 are the points of relative extrema.

2

Figure 5.5: f(z) =2® — 32 +5

Theorem 5.1. Necessary condition for relaive Extrema: Suppose that f is a function
defined on an open interval containing the xo. If f has relative extremum at x = x, then
x = xq is a critical point of f; that is either f'(x) = 0 or f is not differentiable at x.

Example 5.6. Figure 5.6 shows that f(z) = 23 — 32 + 1 has critical point at z = 1 and
r=—1.
We have

Figure 5.6: f(z) = 2% — 3z + 1
flx) =23z +1
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Therefore, -1 and 1 are two critical points

Example 5.7. Figure 5.7 shows that f(z) = 323 — 1523 has critical points at z = 0 and
T =2.

Figure 5.7: f(z) = 3% — 1523

Here, we note that f(z) is not differentiable at = 0 and f'(z) = 3.225 — 15.227,

forz # 0 . )
Therefore f'(z) =0 = 5z3 —10z3 =0
= r =2

Hence x = 0 and x = 2 are the critical points

Example 5.8. Figure 5.8 shows that f(x) = 2|z| has critical point at x = 0.

-5

Figure 5.8: f(z) = 2|z|

Here, we note that f(z) = 2|z| is not differentiable at x = 0, therefore x = 0 is the
critical point whereas f is differentiable at every real number other then 0. Also f(z) = ||
has only one critical point, namely 0.
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We now present the same test to determine the local(relative) extrema of differential
functions.

5.4 First Derivative Test

Theorem 5.2. Let y = f(x) be a differential function. Then f(x) has a relative extremum
at x = cif and only if f'(x) changes sign as x passes through c.

a) If f’(x) changes sign from positive to negative as x passes through ¢ from left to
right, then f(x) has relative maximum at x = c.

b) If f'(z) changes sign from negative to positive as x passes through ¢ from left to
right, then f(x) has relative minimum at z = c.

¢) If f’(x) = 0 does not change sign as = passes through c, then f(z) does not have a
relative extremum at c.

Remark. 1. If f is increasing on the left side of z( and decreasing on right side of z,
then f has relative maximum at z.

2. If f is decreasing on the left side of x( and increasing on right side of x, then f has
relative minimum at x.

3. If f has same behaviour on both side of z that is, f is increasing on both side or
decreasing on both side, then f does not have a relative extremum at x

Example 5.9. Figure 5.9 shows that f(z) = 1022 is increasing on right side of x = 0 and
decreasing on left side from x = 0, then x = 0 is a point of relative minimum or f has
relative minimum at z = 0.

We have f(z) = 1022

w

Figure 5.9: f(z) = 102?
f'(z) =20z
f

=
= f'(x) > 0on (0,00)
and f'(x) < 0 on (—o0,0)
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Example 5.10. Figure 5.10 shows that f(x) = —10x? is increasing on left side of z = 0
and decreasing on right side from = = 0, then x = 0 is a point of relative maximum or f
has relative minimum at x = 0.

we have, f(z) = —10z?

-5

Figure 5.10: —102?

f(z) = =20z
Therfore, f'(z) < 0 on (0, c0)
and f'(x) > 0 on (—00,0)

Example 5.11. Figure 5.11 shows that f = 23 is increasing on both side of x = 0, then
x = 0 is not a point of relative extremum or f does not have relative extremum at x = 0.
here, f'(z) = 32%, 2 € (—00, )

Figure 5.11: f = 23

That is f'(x) has the same sign in every open interval containing 0.
or f'(x) > 0 on (—o0, c0)

Example 5.12. Figure 5.12 shows that f(z) = —z is decreasing on both side of x = 0,
then z = 0 is not a point of relative extremum or f does not have relative extremum at
x = 0.

Here, f'(z) = —3x?

— f'(z) < 0on (—o00,00)
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Figure 5.12: f(z) = —2°

Example 5.13. Figure 5.13 shows that f(z) = 22 — 2z + 10 is increasing on right side
of x = 1 and decreasing on left side from z = 1. Therefore, x = 1 is a point of relative
minimum or f has relative minimum at x = 1.

Solution. We have, f(z) = 2? — 2z + 10
= fl(z) =22 -2

30

20

-10

Figure 5.13: f(z) = 2% — 22 + 10

Now, f'(z) =0
— 2xr—2=0
— 2x =2
— =1

Therefore, f'(x) > 0 on (0, c0)
and f'(z) <0on (—o0,1)

Example 5.14. Figure 5.14 shows that f(z) = 2 4+ 322 + 10 is increasing on left side of
x = —2, decreasing on right side of x = —2. Also f(x) is decreasing on left hand side
of z = 0 and increasing on right hand side of x = 0.Hence, at z = —2, f(x) has relative
maximum and at z = 0, f(z) has relative minimum.

Solution. We have, f(z) = 2 + 322 + 10
f'(x) = 32% + 6z

Therefore, f'(x) =0

= 322+ 62 =0
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— 3z(z+2)=0

— x=0,-2

Now f'(x) >0 on (—o00,—2)
L fl(x) <0 on (—2,0)

,and f'(x) >0 on (0,00)

Figure 5.14: f(z) = 23 + 322 + 10

In-text Exercises 5.1
Find the relative extremum using first derivative test.
1. f(z) =1+ 8z — 32?
2. f(z) =sin2zx O<z<m

3. f(z) = 2" — 423 + 422

5.5 Second Derivative Test

Theorem 5.3. Suppose that f is twice differentiable at the point xy and f'(x¢) = 0. Then

a) f has relative minimum at z, if f”(z) > 0.
b) f has relative maximum at x, if f”(z) < 0.

c) The test is inconclusive, that is, f may or may not have a relative maximum, a relative
minimum, at x, if f”(z) =0

Example 5.15. Find the relative extrema of f(z) = 32° — 5z%,x € R
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Solution. We have, f(x) = 325 — 523

= f'(z) = 152* — 152* = 152%(2* — 1)
and f"(x) = 602° — 30z = 30z(22% — 1)
Now, f'(z) =0 = 152%(2* - 1) =0
—> x = 0,—1, 1 are critical points

Now, f”(0) = 60(0)® — 30(0) =0
Therefore, the test is inconclusive to examine the extremum at z = 0. In this case, we go
to first derivative test.

f"(=1) =60(-1)> - 30(—=1) = =30 < 0
— f has relative maximum at x=-1

(1) =60(1)® — 30(1) = 30

— f has relative minimum at x=1

Example 5.16. Find the relative extremum of f(z) = 2® — 3z + 2,2z € R

Solution. We have, f(z) = 23 — 3z + 2
= fl(x) =322 -3=3(z*-1)

and " (x) = 6x

Now, f'(z) =0 = 3(2*—1) =0
— 22-1=0

= o ==l
f"(-1)=6(-1)=-6<0
= f has relative maximum at = —1 and relative maximum is f(—1) =4

and f"(1) =6(1) =6>0
= f has relative minimum at = 1 and the relative minimum is f(1) =0

Example 5.17. Find the relative extremum of f(z) = z?

Solution. f(z) = 22

fi(a) =2z

f(x) =2

flle)=0 = 22 =0 = =0
f'(x)=2>0

— f has relative minimum at z = 0.

10

Figure 5.15: f(z) = 2?
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Example 5.18. Find the relative extremum of f(z) = —a?

Solution. f(z) = —z?

f'(x) = =2

(a) = 2

fz)=0 = —22=0 = 2=0
F(x) = —2 <0

— f has relative maximum at x = 0.

Figure 5.16: f(z) = —a?

Example 5.19. Find the relative extremum of f(z) = 23

Solution. f(z) = z*

f'(z) = 327

f"(x) = 6x

flx)=0 = 32°=0 = 2=0
() = 6.0 = 0

—> [ does not have relative extremum at x = 0.

10 -5 0 5

Figure 5.17: f(z) = 2*
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Example 5.20. Find the relative extremum of f(z) = —z°

Solution. f(z) = —a?

f'(z) = =322

f"(x) = —6x

flz)=0 = -322=0 = =0
f'(x)=—-6.0=0

— f does not have relative extremum at x = 0.

-10

Figure 5.18: f(z) = —23

Example 5.21. Find the relative extremum of f(z) = 2? — 2z + 10

Solution. We have, f(z) = 22 — 22 + 10
= f'(x) =2z —2

and f"(z) =2
Now, f'(z) =0 = 22 —2=0 = z =1
f'(x)=2>0

— f has relative minimum at x = 1 and the relative minimum is 9.

30

20

-10

Figure 5.19: f(z) = 2* — 22 + 10
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Example 5.22. Find the relative extremum of f(z) = 2 + 3z% + 10

Solution. f(z) = 2 + 32% + 10

f'(z) = 32* + 6x

f'(x) =6x+6

fl(x) =0 = 322 +62=0

— 3z(x+2)=0

— 2=0,-2f"(z) =6.0+6>0
— f has relative minimum at z = 0
f"(x)=6.(-2)+6=—-6<0

—> [ has relative maximum at xr = —2

Figure 5.20: f(z) = 2 4+ 32 + 10

In-text Exercise 5.2
Find the relative extremum using second derivative test
1. f(z)=22%—-92%0on [ = [—1,5]
2. f(z) = (x+1)% +2
3. f(z) =223+ 32% — 12z
4 fla) =VI—2

5.6 Summary

1. A function is said to have relative maximum at xg if f(z¢) > f(x) for all x € I,
where I is an open interval.

2. A function is said to have relative minimum at x if f(z¢) < f(x) for allz € I, where
I is an open interval.
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3. A function is said to have relative extremum if it has either relative maximum or
relative minimum.

4. x = x is a critical point of f, if either f’(x¢) = 0 or f is not differentiable at z.
5. f is continuous at critical point x.

i f'(x) > 0onleftside of 2o and f'(x) < 0 on right side of x, then f has relative
maximum at z.

ii f'(x) < 0onleftside of o and f'(x) > 0 on right side of x¢, then f has relative
minimum at .

iii f’(z) has same sign on both side, then f does not have relative extremum at z.
6. Suppose f is twice differentiable at x.

i If f'(xg) =0 and f"(x¢) > 0, then f has relative minimum at ).
ii If f'(z9) =0 and f"(x) < 0, then f has relative maximum at x).

iii If f'(z9) =0 and f"(x) = 0, then test is inconclusive.

5.7 Self Assessment Exercises

Find the relative extremum using both first and second derivative test.
1. f(z) =1+ 8z — 32?

2. f(xz) =sin2x O<z<m

Find relative extremum using any methods.
3. f(z) = 2" — 423 + 422
4, f(x) =23z +1)?
5. f(z) =2z + 33
6. f(x) =3

7. f(z) = |3z — 22|
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5.8 Solution to In-Text Exercises

Exercise 5.1

1. Relative Maximum at (3, %)

Figure 5.21: f(z) = 1 + 8x — 3z?

2. Relative Maximum at (7§, 1)
Relative Minimum at (27, —1)

/

] w
1 {

Figure 5.22: f(z) = sin 2z 0<z<7$

3. Relative Maximum at (1, 1)
Relative Minimum at (0, 0), (2, 0)
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Figure 5.23: f(z) = z* — 423 + 422

Exercise 5.2

1. Relative Maximum at (0, 0)
Relative Minimum at (3, —27)

2. Relative Minimum at (1, 2)
3. Relative Minimum at (1, —7)

4. Relative Maximum at (0, 1)
Relative Minimum at (—1,0)(1,0)

Solution of Self Assessment Exercises

1. Relative Maximum at (3, %)

Figure 5.24: f(z) = 1+ 8z — 3a?

2. Relative Maximum at (7§, 1)
Relative Minimum at (3%, —1)
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Figure 5.25: f(x) = sin 2z 0<z<m$

3. Relative Maximum at (1, 1)
Relative Minimum at (0, 0), (2, 0)

Figure 5.26: f(z) = z* — 423 + 422

4. Relative Maximum at (—1,0)

Relative Minimum at (— %, — %)

Figure 5.27: f(z) = 23(z + 1)?

5. Relative Maximum at (—1,1)
Relative Minimum at (0, 0)
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Figure 5.28: f(z) = 2z + 323

il

6. No Relative Extremum

Figure 5.29: f(z) = &3

xT

7. Relative Maximum at (2, )
Relative Minimum at (0, 0), (3, 0)

Figure 5.30: f(z) = |3z — 2?|
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Lesson - 6

Mean Value Theorems and their
Applications Dr. Ankit Gupta

Assistant Professor
Bharti college
University of Delhi

Structure

6.1 Learning Objectives

6.2 Introduction

6.3 Mean Value Theorems

6.4 Rolle’s Theorem

6.5 Lagrange’s Mean Value Theorem

6.6 Some applications of Mean Value Theorem
6.7 Summary

6.8 Self Assessment Exercises

6.9 Solutions to In-text Exercises

6.1

Learning Objectives
To understand and learn the Rolle’s Theorem and its applications.
To learn the geometrical interpretation of Rolle’s Theorem.
To understand the Lagrange’s Mean Value Theorem.

To understand the geometrical interpretation of Lagrange’s Mean Value Theorem and
its applications.

To understand the concept of monotonicity of functions.

To prove some important inequalities.
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6.2 Introduction

In the previous lessons, we have learnt about the limit, continuity and derivative of a func-
tion and also learnt some applications of these concepts in analysis, calculus and other areas
of mathematics. In this lesson, we shall study about the mean value theorems, which is an-
other application of derivative. Here, we shall show that the mean value theorems lead to
the theorems, which are extensively used to study geometrically as well as analytically the
properties of functions such as monotonicity, maxima-minima etc. Interestingly, we will
notice that mean value theorems assert the existence of a particular point in a given domain
(interval) having some desirable property, but these theorems do not tell us how to find that
point.

In this lesson, we shall study and discuss Rolle’s theorem and Lagrange’s Mean Value
Theorem, both playing vital role in the field of calculus. We will also learn how Lagrange’s
Mean Value Theorem leads to some techniques which deal with the monotonicity of func-
tions and inequalities.

6.3 Mean Value Theorems

In this section, we will discuss Rolle’s Theorem and Lagrange’s Mean Value Theorem. We
start this section with an example which will provide us a rough idea about the Mean Value
Theorems.

Suppose a car is moving with an average speed of 50 km/h, then we can say that instanta-
neous speed of the car cannot be more than 50 km/h always. Similarly, it cannot be always
less than 50. But one can observe that, there always exists at least at one moment, when its
instantaneous speed is exactly 50 km/h. This phenomenon, where the mean value relates
with the actual values is known as Mean Value Theorem.

In the remaining lesson, we shall study that Rolle’s Theorem and Lagrange’s Mean Value
Theorem provide some tools to prove other results which are useful in many branches of
mathematics, like calculus, analysis, optimization etc.

6.4 Rolle’s Theorem

Rolle’s Theorem is named after a French mathematician Michel Rolle, but interestingly,
the present form of Rolle’s Theorem was not actually proved by him. He had only stated
and proved the theorem for the polynomial functions only. It was Cauchy, another French
mathematician, who first provided the proof of Rolle’s Theorem as a corollary of the Mean
Value Theorem.

Now, we shall provide the formal statement of Rolle’s Theorem as follows;

Theorem 6.1 (Rolle’s Theorem). Let f be a real-valued function defined on a closed and
bounded interval [a, b] satisfying the following properties:

1. [ is continuous on [a, b ;

2. f is differentiable on (a, b) ;
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3. f(a) = f(b)

Then there exists at least a point ¢ € (a,b) such that

f (c)=0.

Proof. Let f be a real-valued function which is continuous on a given closed and bounded
interval [a, b] and differentiable on (a, b) such that f (a) = f (b). Then, we can consider
the following cases:

1. If f is a constant function, thatis f (x) = f(a) for all z € [a, b]. Then, we have
f'(x) = 0forall z € [a,]

Hence, we get a ¢ € (a,b) such that f’ (¢) = 0.

2. Suppose f is not a constant function. As f is given to be continuous on [a, b , there-
fore either f will increase or decrease as > a. Without loss of generality, let us
suppose that f is increasing for z > a. Since, f (a) = f (b), therefore f will increase
till some values of z = ¢ > a (say) and then start to decrease for z > c. As f is
differentiable for all = € (a, b), therefore f must attain its extrema (local maxima)
atzr = c.

Obviously, we have f(a) # f(c) and a # c and ¢ # b, that is, ¢ € (a,b). As f attains its
maxima at x = ¢, thus for small positive number A > 0, we have

Fleth)—f(c) <Oand f(c—h)— f(c) <0

Therefore,
f(c+h)—f(0)§0andf( —h)—f(C)ZO 6.1)
h —h
Rf,(c):%f(whfz—f(c) <Omary (o=t {ETN IO

Since f is differentiable for all x € (a, b) , therefore Rf’ (¢) = Lf'(c) and hence f' (¢) = 0.
Hence the proof. O

Geometrical Interpretation of Rolle’s Theorem

Geometrically, Rolle’s Theorem claims that if a real-valued function f is defined over a
closed and bounded interval [a, b] which is continuous on [a, b] and differentiable on (a, b) ,
that is, the function f can be drawn smoothly without any gaps, jumps and sharp edges.
Also, the end points of the curve lie on a horizontal line, that is f (a) = f(b). Then
somewhere between a and b, the curve y = f(z) has a horizontal tangent, that is, there
exists a point ¢ € (a,b) such that the tangent at (c, f (c)) is parallel to z-axis. Also, the
proof of the theorem suggests that this happens at the point where the function attains its
extrema.
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f'le) =0

fla) = f(B)

23 C b

Figure 6.1: Geometrical Interpretation of Rolle’s Theorem

Example 6.1. Verify the Rolle’s Theorem for
f (x) = cos’z on [0, 27].

Solution. Consider the function f () = cos®z defined on [0, 27]. Since the functions
g(x) = cosr and h(z) = z*, both are continuous functions on [0, 27], being trigono-
metric and polynomial functions and composition of two continuous functions is again
continuous. Thus f (z) = h o g(z) is continuous on [0, 27] .
Also,

f'(x) = —2cosz sinz = —sin2x

exists for all z € [0, 27| . Therefore f(x) is differentiable on (0, 27).
Also,
f(0) =cos*(0) =1 and f(27) = cos® (27) =1

Hence, f (0) = 1= f(27).
Since all the conditions of Rolle’s Theorem hold true, therefore there exists a real number
¢ € (0, 27) such that f’ (¢) = 0, that is sin2¢ = 0.

Hence,c = Z, 7,3

50 Ty s

One can observe the same from the figure 6.2 below.
One can also observe that at z = 7 and 37”, the given function attains it minimum value
and at x = m, it attains the maximum value.

Remark. The Rolle’s Theorem asserts the existence of at least one point ¢ € (a,b) such
that f' (¢) = 0 if the hypothesis holds true. Infact, more than one such points may exist, as
in Example 6.1.

Corollary 6.1. Let f be a real-valued function, which is continuous on [a, b] and differen-
tiable on (a, b). Let a and b be two zeroes of f. Then, by the Rolle’s Theorem, there exists
at least one ¢ € (a, b) such that f' (c) = 0.

That is, geometrically, we can say that between every pair of zeroes of f, there always
exists a zero of f’, provided that f is continuous and differentiable.
Now, we shall show that all the three conditions given in the Rolle’s Theorem are necessary.
One cannot drop any of them and still get the desired result.
In the next example, we will illustrate that the assumption of continuity of f in Rolle’s
Theorem cannot be relaxed.
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f(my=o0

r T /(3T
F(z)=0 Fg)=0

Figure 6.2: f(z) = cos®x

Example 6.2. Let us consider a function f (z) = tanz on [0, 7| . Examine whether Rolle’s
Theorem holds.

Figure 6.3: y = tanx
Solution. Let f () = tanz , z € [0, 7] . Then, we have

f(0) =tan(0) =0and f (r) = tan(m) = 0.

Also, f'(z) = sec’r.
Now, f' (¢) =0 = sec’c =0

Thus, we have secc = 0.

Since the range of the function secz is (—oo, —1]|J[1, oc) . Therefore, there does not
exist any ¢ ¢ (0, 7) such that f'(c¢) = 0.
Hence, the conclusion of Rolle’s Theorem does not hold good.

Here, we can observe that f(z) = tan x is not continuous at x = 7. Thus, Rolle’s Theorem
does not hold true.

In the next example, we will see that the condition of differentiability in the hypothesis of
Rolle’s Theorem is necessary.
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Example 6.3. Examine the applicability of Rolle’s Theorem to the function
f(x)=|z| forxe[-1,1].

Solution. Consider the function f (z) = |z|, z € [-1,1]. Then, f(—1) =1 = f(1).
Also, f is continuous on [—1,1]. But for x = 0, f is not differentiable. Hence, f is not
differentiable on (—1,1).

Thus, only two out of three conditions of Rolle’s Theorem hold good.

, B 1 if >0
f(‘”)_{—1 if x<0

Therefore, there does not exist any ¢ € (—1, 1)\ {0} such that f’ (¢) = 0. Hence Rolle’s
Theorem is neither applicable nor its conclusion hold.

Figure 6.4: y = |z|

In the next example, we will demonstrate that the condition of f (a) = f (b) is essential for
the Rolle’s Theorem to hold.

Example 6.4. Verify whether the Rolle’s Theorem is applicable to
f(x)=x forx e [-1,1].

Solution. Here, the function f (z) = x is continuous on [—1, 1] and differentiable on

(-1,1).
Also
() =1lorallz € (—1,1).

= f'(z) # 0forany z € (—1,1).
Hence, the Rolle’s Theorem is not applicable for f(z) = z on [—1, 1].

In the following examples, we illustrate the Rolle’s Theorem and its applications.

Example 6.5. Verify Rolle’s Theorem for the function

f(x) =sinx + cosz on [0, g} .
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Figure 6.5: y =«

Solution. Consider the function f (z) = sinz -+ cosz on [0, Z] . Since the cosine and sine

functions are continuous and differentiable, therefore f is also continuous on [0, g] and
differentiable on (0, g) .
Also, we have

f(0) =sin(0) +cos(0) =1

/(5 =) +en(3) -

Thus, f (0) = f (3) = L.
Since, all the conditions of Rolle’s Theorem are hold true, thus there must exists some
c € (0,%) such that f' (c) = 0.

and

Figure 6.6: f(z) = sinx + cosx

Now, f'(z) = cosz — sinx. Therefore, f'(z) = 0 if cosz — sinz = 0. Thus, we have,
sinz = cosx or tanx = 1. Therefore, there exists c = 7 € (0, 7) such that

f(e) = tan(5) = 1
Hence Rolle’s Theorem is verified.

Example 6.6. Verify the Rolle’s Theorem for f (z) = (z* + 2z — 3) ¢” on [-3, 1].
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Solution. Consider the function

f(z)=(2*+22—-3)e" on [-3, 1]

As polynomial and exponential functions, both are continuous and differentiable, therefore
f(x), being the product function of the two functions. It is also continuous on [—3, 1] and
differentiable on (-3, 1). Also, f(—3) = ((=3)*+2(=3)—3)e™® = O and f (1) =
(1> +2(1)=3)e ' =0.

Since, all the conditions of Rolle’s Theorem hold, there must exist some ¢ € (—3, 1) such
that

7(0) =0,
Now
fl(x) = Qz+2)e"+ (x2+2x—3) e’
(2% + 42 — 1)e”
— 0

Thus, we have = 22 + 42 — 1 = 0 as e # 0
=>r=-24+5

Hence, there exists ¢ = 2 + /5 € (—3,1) such that f'(c) = 0. Thus, the Rolle’s
Theorem is verified.

Theorem 6.2 (Intermediate Value Theorem). Suppose that f is a continuous function on
a closed interval [a,b] with f(a) # f(b). If M is a real number between f(a) and f(b),
then there is a number c in the interval (a, b) such that

f(e) =M.

One of the important application of Intermediate Value theorem is the existence of the
root of a given equation.

Definition 6.1. Let f(z) be a real valued function defined on R. then a point ¢ € R is
called a root of f if f(a) = 0.

Theorem 6.3. (Location of roots) Let | be a continuous function defined on the interval
la, b] such that f(a) and f(b) are of different sign, that is, f(a).f(b) < O then, there is a
root ¢ € (a,b) of f.

The Theorem 6.2 and 6.3, have also been discussed in Chapter 2.
Example 6.7. Show that the equation '3 + 723 — 5 = 0 has exactly one real root.

Solution. Consider the function f (z) = x'® 4 7z® — 5. Here, f (0) = —5 < 0and f (1) =
1+7—5=3>0. Since, being a polynomial, f is continuous and also, f (0).f (1) < 0,
thus, by Theorem 6.3, there must exist some ¢ € (0, 1) such that f (¢) = 0.

Also, one can observe that f (x) < 0 for all z < 0. Now, let if possible, there exists two
distinct positive roots say a and b of the given equation. Therefore, we have f (a) = f (b) =
0. Thus, by the Rolle’s Theorem, there exists some ¢ € (a, b) such that

f(¢)=0.
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that is,
13¢2 + 212 =0

¢ (13¢"°4+21) = 0
We get ¢ = 0, which leads to contradiction as ¢ € (a, b) and a > 0. Hence the result.

Example 6.8. Show that there is no real number % such that the equation 2* — 3z + k = 0
has two distinct roots in [0, 1] .

Solution. Let, if possible, there exists some value of k for which the given equation 23 —
3z + k = 0 has two distinct roots say a and b in [0, 1] .

Without loss of generality, we assume that b > a.

Now, consider f (z) = 2® — 3z + k on [a, b]. Since the function f is continuous on [a, b]
and differentiable on (a, b), being a polynomial. Also, f (a) = f (b) = 0. Therefore, by the
Rolle’s Theorem, there exists some ¢ € (a, b) C [0, 1] such that

f'e)=0

that is, 3¢ — 3¢ = 0. Hence, we get ¢ = £1, which is a contradiction as ¢ € (a,b) C [0, 1].
Hence our assumption is wrong. Thus, the desired result.

Example 6.9. Verify whether Rolle’s Theorem is applicable to the function
fl@)=z(x+3)e 2™ on [-3,0].

Solution. Consider )
f(x)=z(x+3)e 2"

We have, f (—=3) = f(0) = 0. Also,

1

(@) = (20 +3) e ¥ fa(a+3)e (—5)

T

(—2*+x+6) 1
:fe 2

For z € (=3, 0), f'(x) is well defined and hence f is differentiable on (—3, 0) and
continuous on [—3, 0] .
Now

fllz)=0=—2>+2+6=0.

Thus, we have © = —2, 3. Therefore, there exists c = —2 € (—3,0) such that f'(c¢) = 0.
Hence, Rolle’s Theorem is verified.

In-text Exercise 6.1. 1. Verify Rolle’s Theorem in the interval [a, D] for the functions:
(a) (x —a)"(z —b)"; m, n being positive integers;

CE2 a
(b) log (ajb)z :

2. Verify Rolle’s Theorem for the functions:
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(a) 22 on [0, 7];

er

(b) e"(sinx — cosz ) in [%,2F ];

3. In each of the following, determine whether Rolle’s Theorem is applicable. If appli-
cable, find the appropriate point in the interval where the derivatives vanish. If not
applicable, explain the reason.

(@) f(x)=l|z—2[on]0, 4];
(b) g (x) = cosz on [0, 107];

(
(¢) h(m):{% %f ifo on [0, 1];
(

6.5 Lagrange’s Mean Value Theorem

Geometrically, Rolle’s Theorem states that if a function is continuous on a closed and
bounded interval [a, b] and differentiablre on open and bounded interval (a, b) such that at
the end points a and b of [a, b] the values of f(x) are same. Then, there exists at least one
point ¢ € (a, b) such that the tangent at (¢, f (c)) is parallel to the z-axis (i. e. f'(z) = 0).
But a natural question arises, what if the value of f at the end points of interval a and b are
not the same, then still we get some point between a and b such that the tangent at that point
is parallel to x-axis? The answer is partially YES. In this case, we still get a tangent line at
(¢, f(c)) which is parallel to the line joining the end points (a, f (a)) and (b, f (b)) .
This result is explained by Lagrange’s Mean Value (L.M.V.) Theorem. We will also show
that the Rolle’s Theorem is a special case of Lagrange’s Mean Value Theorem.

Theorem 6.4 (Lagrange’s Mean Value Theorem). Let f be a real-valued function defined
on [a, b] satisfying the following properties

1. f is continuous on |a, b];
2. f is differentiable on (a, b) ;
Then, there exists at least one ¢ € (a, b) such that

(f (b) = [ (a))

R

fO)=f(a)+ f(c)(b—a).

Proof. Suppose f is a function defined on [a, b] such that f is continuous on [a, b] and
differentiable on (a, b) .
Let us define another function F' as

F(x) = f(x)+ Az on [a, b]
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where, A is a constant chosen such that F' (a) = F' (b) . That is, we have
f )+ Ab= f(a)+ Aa

or,

b) —

NGCEN0) 62

a—2>b
Since the given function f is continuous and differentiable on [a, b] and (a, b) respec-
tively, therefore F' is also continuous on [a, b] and differentiable on (a, b). Also, by the
construction of F', we have

F(a) = F(b)

Hence all the conditions of Rolle’s Theorem hold for F', thus there exists at least one ¢ €
(a, b) such that

That is,

Thus, from 6.2, we have
(f (b) — [ (a))
(b—a)

f0)=f(a)+ [ (c)(b—a)
Hence the proof. ]

f'(e) =

or,

Lagrange’s Mean Value Theorem is also known as Frist Mean Value Theorem of differ-
ential calculus.

Corollary 6.2. Suppose, in addition to the hypothesis of Lagrange’s Mean Value Theorem,
we have one more condition, f (b) = f(a). Then by the conclusion of the Lagrange’s Mean
Value Theorem, we get a ¢ € (a, b) such that

oy F(0) = f(a)
f (C) - b —a
Which leads to Rolle’s Theorem. Thus, Rolle’s Theorem is a special case of Lagrange’s
Mean Value Theorem.

=0.

Here, a natural question arises: why the name of Mean Value Theorem? What is the
Mean Value stands for in the above theorem?
Here, we can see that f (a) and f(b) are the initial and the final value of the function f.
Thus, f (b) — f (a) is nothing but the total change in the value of f when the xz-cooridante
varies from a to b. That is, when z-coordinate changes from a to b, f moves from f(a) to

f (b) . Therefore, the average value (also known as mean value) of the change in the interval

[a, b] is (f(bl))—f(a)) '
The Lagrange’s Mean Value Theorem asserts that average (mean) rate of change of the

function f coincide with the derivative of f at some ¢ € (a, b) (i. e., the instantaneous rate
of change at c.)

In physical terms, the Lagrange’s Mean Value Theorem says that the average velocity of a
moving body during an interval of time, that is, w is coincide with the instantaneous
velocity of the body at some moment ¢ € (a, b).
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Geometrical Interpretation of Lagrange’s Mean Value Theorem

Geometrically, Lagrange’s Mean Value Theorem states that there exists at least one point
c lying between a and b such that the tangent line at (¢, f(c)) on the curve y = f (), is
parallel to the secant line joining the points (a, f(a)) and (b, f (b)), that is, their slope
coincides, if f is continuous and differentiable between a and b. Hence, we have

Slope of tangent at (¢, f(c)) = slope the of secant line

That is,

g g

Y -

Figure 6.7: Lagrnage’s Mean value Theorem

Example 6.10. Verify Lagrange’s Mean Value Theorem for the function f () = cosx

defined on [—%, 7] .

Solution. Consider the function f () = cosz defined on [—%, ﬂ . Being a trigonometric

function, f (z) = cosz is continuous on [—%, %] also it is differentiable on (5, %) and
f'(x) = —sinzx.
Since both the conditions of Lagrange’s Mean Value Theorem are satisfied therefore, there
must exist some ¢ € (—%, %) such that
o~ GE-1C3)
i (=9)
B cos(§) — cos(F)
3
4 1
_ V2 V2
3
= 0.
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Thus, we have

—sin(¢) =0 (6.3)
Therefore, We have ¢ = 0 € (—Z,7%), such that f'(c) = —sinc = 0. Hence La-

grange’s Mean Value Theorem is verified.

Az 4 o nia 2 ania

Figure 6.8: y = cosx

Example 6.11. Verify the Lagrange’s Mean Value Theorem for the function f (z) = 2® —
62% — 2 in the interval [0, 2].

Solution. Consider the function f () = x* — 62> — 2 on the interval [0, 2]. Here, [ is
continuous and differentiable, being a polynomial. Therefore, the conditions of the L.M.V.
Theorem are satisfied. Thus, there exists some ¢ € (0, 2) such that

f2)—f(0) _ —1842

==y =3 -5
That is,
3¢? —12c = —8
Or, 3¢ —12¢+8=0
Thus, we have
c=2+ gx/é

Therefore, there exists ¢ = 2 — \% € (0,2) such that f'(¢) = 0. Hence, the L. M. V.
Theorem is verified.

Example 6.12. Find the points on the curve y = Inx , where the tangent is parallel to the
chord joining the points (1, 0) and (e, 1).

Solution. Consider the function f () = Inz on [1, e]. The function y = Inz is continu-
ous on [1, e] and differentiable on (1, e) as well. Also, the given points (1, e) and (e, 1)
both lie on the curve y = Inx .
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Therefore, the conditions of Lagrange’s Mean Value Theorem, are satisfied, there exists

some ¢ € (1, e) such that
o= LO=I@)

That is,

e—1  e—1
Therefore, we getc = e—1 € (1, e) . Hence the required point on the curveis (e — 1,In (e — 1) ).

1 _lne — Inl 1
c

Figure 6.9: y = Inx

Remark. Suppose, in the statement of Lagrange’s Mean Value Theorem, we take b = a+h,
then the conclusion of the Lagrange’s Mean Value Theorem can be written as

fla+h)= f(a)+hf'(c) for some ¢ € (a,a + h)

That is,
fla+h)=f(a)+hf'(a+06h)

for some 0 € (0, 1).

Example 6.13. Let f be a real valued continuous function defined on [a — h , a + h] and
differentiable on (a — h, a + h). Then show that there exists a real number 0 < 6 < 1 such
that

fla+h)—f(a—h)=h(f (a+6h)+ f (a—06h)).

Solution. Consider a real-valued function F'(z) = f(a+ hx) — f(a — hx) defined on
x € [0, 1]. Then, by the given hypothesis, F" is continuous on [0, 1] and differentiable on
(0, 1) (why?). Thus, by the Lagrange’s Mean Value Theorem, there exists some 6 € (0, 1)
such that

F(1)—F(0)=(1-0)F(0)
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Thus, we get
fla+h)—f(a—h)=(f(a+0h)(h)— f (a—0h)(=h))
= h(f" (a+ 0h) + f'(a — 6h))

Note. As we have already mentioned that Rolle’s Theorem and Lagrange’s Mean Value
Theorem, both are existence theorems only. They just tell us that there always exists some
¢ € (a, b) having some desirable property (that is, tangent at (¢, f (c)) is parallel to x-axis
or the secant line). But they do not tell us how to find that point, nor how many such points
exist.

To illustrate this, consider the function f (z) = x® — sinz defined on [0, 57]. Then, one
can easily verify that f satisifes both the conditions of Lagrange’s Mean Value Theorem,
therefore there must exist some ¢ € (0, 57) such that

(f (5m) — f(0))

! — = 925 2

3¢* — cos (c) = 257
The Lagrange’s Mean Value Theorem assures that the must exist a solution of the equation
3z% — cos (x) — 257 = 0in (0, 57). But it does not tell us, how to find the same.

In the following examples, we illustrate how the Lagrange’s Mean Value Theorem is used
for the monotonicity and inequalities of the functions.

Example 6.14. With the help of Lagrange’s Mean Value Theorem, show that
|sinz —siny | < |z —y| forall z, y € R.

Hence, prove that
—x <sinx <z forallz > 0.

Solution. Consider the function f () = sinz , which is continuous and differentiable for
all x € R. Thus, by the Lagrange’s Mean Value Theorem, we get some ¢ € (x, y) such
that

@)= fy)=f()(@—y)
that is,

sinz — siny = cosc (x — y)

= sint —siny | = |cosc (z —y)]
< |z —y| as |cosc| < 1.
Hence, we get
|sinx — siny | < |x —y| forallz, y € R.
Now, taking y = 0, we get
|sinz — sin (0) | = |sinz | < |z — 0|
Thus, we have
|sinz | < |z| for allz € R.

Ifz >0, we get —z < sinz < x.
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Example 6.15. Using the Lagrange’s Mean Value Theorem, prove that

1_I_Lx<log(1—i-x) <z, forz > 0.

Hence, show that . .

0< ———— — =<1, f > 0.
log(1+z) « 7 ore
Solution. Consider the function f (z) = log(1 + x) forz € [0, x|, x > 0. Since, the loga-
rithmic function is continuous on [0, x| and differentiable on (0, x), thus, by the conclusion
of Lagrange’s Mean Value Theorem, there exists some ¢ € (0, z) such that

f =)~ £(0) _log(1+2)

/ —
filo=——— .
That is,
1 log(l+=x)
l+c¢ T
= log (1 = 6.4
og (1+ x) T (6.4)
Now, for 0 < ¢ < xz, we have 1 + ¢ < 1 + x thus, we have
x x
< 6.5
1+ 1+4c¢ (6.5)
Also, we have ;- < z. By using (6.5) , we get
x x x
< < x, that i < log(1 < x.
012 “1+e 7, that is, 7—— og(l+z) <=z
N 1+:1:> 1 >1
x log(l+x) = =z
1 1
= 1+ —>log(1+z) > —
x x

Hence

1 1
1> —————>1 forz>0.
log(1+2z) =

Example 6.16. By using Lagrange’s Mean Value Theorem, find an approximate value of

V/50.

Solution. Consider the function

f(z) =+z forx > 0.

Then, it can be easily verified that f is continuous on [a, b] and differentiable on (a, b) for
some 0 < a < b.
Thus, by the Lagrange’s Mean Value Theorem, we get some ¢ € (a, b) satisfying

f(e)(b—a) = [ (b) = f(a)
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That is,
b—a)

N

Vb—va=t

In particular, if we take b = 50 and a = 49, then

1
sqrtb0 — 7 = NG for some ¢ € (49, 50) (6.6)

Now, 49 < ¢ < 50, thus 49 < ¢ < 64.
7<\c<8

1>1>1:
7 c 8

Hence,

1 1 1

— > — by usi .
14>2\/E>16 y using (6.6)

1 1 1 1
ﬁ>\/%—7>ﬁz>ﬁ+7>\/%>ﬁ+7

Thus, we get 7.0714 > /50 > 7.0625, that s, v/50 is approximately equal to Z002547.0714 —
7.06695

Example 6.17. Show that for 0 < a < b,

b—a <tan"'h —tan"'a < b—a
1+ 02 1+ a?
Hence, deduce that
7T+ 3 ¢ 4 - 7T+ 1
-+ — an_ — -+ —.
4 25 3 4 6

Solution. Consider the function
f(z) =tan'z on [a, b

Then, f is continuous on [a, b] and differentiable on (a, b). Then, by the Lagrange’s Mean
Value Theorem, there exists some ¢ € (a, b) such that

f ) = f(a)=f"(c) (b—a)

that is,
1
tan~'b —tanta = ——(b—
an an” " a 1—1—02( a)
Now,asa <c<b
N 1 - 1 - 1
1+a? 14c¢2 1402
b— b—
Rightarrow 1 +;2 < tan"'b —tan"la < 7 +§2 (6.7)
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By taking, « = 1 and b = 3, in (6.7), we get

41 4 i1
3 2 <tan_1§ —tan"'1 < ﬁ
1+ (35) +
3 <t 4 07 - 1
— <tan - — — < —.
25 3 4 6
Hence, we get
3 n m <t 44 - 1 n s
— + - <tan - <=+ —.
25 4 3 6 4
In-text Exercise 6.2.  [. Verify the Lagrange’s Mean Value Theorem for the following
functions :
(a) f(z)=2%0n]0, 5];

z3on[-1, 1];

(b) g (x)

2. At what point, the tangent to the curve y = x" for n € N is parallel to the chord from
from the point (0, 0) to (1, 1).

3. Verify the Lagrange’s Mean Value Theorem for f (x) = (v — 1)(z — 2)(z — 3) on
0, 4].

6.6 Some applications of Mean Value Theorem

In this section, we will illustrate several applications of the mean value theorem. Prior
to that, we will delve into a notable property of functions, referred to as “monotonicity”,
which encompasses the concepts of ”increasing” and “decreasing”. Through the process of
differentiation, we can determine whether a function is increasing, decreasing, or neither.
We will present the subsequent analytical definitions for a monotonic function.

Definition 6.2. Let [ be an interval in the domain of a real valued function f. Then f is
said to be

1. increasing on I if f(x1) < f(xs) whenever z1 < x forall zy, x5 € 1
2. decreasing on I if f(x1) > f(x2) whenever 21 < xo for all z1, 29 € T
3. constant on [ if f(z) =0forall x € I

Next, we will introduce the first derivative test for discerning the behavior of functions
in terms of their monotonicity.

Theorem 6.5. Let f be a continuous function on |a, b] and differentiable on (a,b). Then
1. fisincreasing in [a,b] if f'(x) > 0 for each x € (a,b);

2. fisdecreasing in |a,b] if f'(x) < 0 for each x € (a,b);
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3. f is a constant function in [a, b] if f'(x) = 0 for each x € (a,b).

The Mean Value Theorem has various simple yet important applications which reveal the
behaviour of a function f and its derivative f’. Here, we mention few of them.

Let us consider a real-valued function f which is differentiable on a closed and bounded
interval [a, b]. Let 2y and x5 be any two points in the interval [a, b] such that b > x5 >
x1 > a. Then, by applying the Lagrange’s Mean Value Theorem on the interval [z, z5],
we get some ¢ € (1, 22) such that

fla2) = f(21) = (w2 — 1) f'(c) (6.8)
1. Let f' () = 0 throughout the interval (a, b), then from the equation 6.8, we get

f(ze) = f(21) = 0= f(22) = f(z1)

Since x;and x5 are chosen as arbitrary numbers. Hence f is a constant function.

2. Let f and F be two real-valued functions such that they both have same derivative
for every value of = € (a, b). then they differ by a constant only.

Let us consider a function

Then, we have
¢ (z) = f'(z) — F'(z) =0

Hence, form the part 1, we get f (x) — F' (z) is a constant.

3. Let f' () > 0 for every value of = € (a, b) . Then form the equation (6.8) , we get
fxg) = fx1) = (22 —21) f'(¢) >0 for zo > 1,

That is,
f(l‘g) —f(Il) >0 for xo > 23

Hence f is an increasing function.

Similarly, one can prove that if f'(z) < 0 for all x € [a, 0] then f is a decreasing
function on [a, b].

In-text Exercise 6.3. 1. Show that f (x) = 2° — 322 + 42 + 2 is monotonically increas-
ing function.

2. Find the intervals in which the function
f(x) = 22% — 152 + 36z + 1

is increasing or decreasing.
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6.7 Summary
In this chapter, we have discussed the following points:

1. Rolle’s Theorem
If f is a real-valued function defined on a closed and bounded interval [a, b] satisfying
the following properties:

(a) f is continuous on [a, b ;
(b) f is differentiable on (a, b);
(©) f(a)=f(b)

Then there always exists at least a point ¢ € (a, b) such that
/() =o.

2. Geometrical interpretation of Rolle’s Theorem.
3. Applications of Rolle’s Theorem such as to locate the roots of an equation.
4. Lagrange’s Mean Value Theorem

Suppose f is a real-valued function defined on [a, b] satisfying the following proper-
ties

(a) fis continuous on [a, b];

(b) f is differentiable on (a, b);

Then, there exists some ¢ € (a, b) such that

(f (b) = [ (a))

O

That is,
f@)=f(a)+ f(c)(b—a).

5. Geometrical interpretation of Lagrange’s Mean Value Theorem.

6. Applications of Lagrange’s Mean Value Theorem, such as

(a) Suppose f'(x) = 0 for all z € (a,b) then f is constant.
(b) Suppose f'(x) > 0 for all = € (a,b) then f is an increasing function.

(c) Suppose f'(x) < 0forall z € (a,b) then f is a decreasing function.
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6.8 Self Assessment Exercises

1.

Prove that between any two real roots of e”sinz = 1 there is at least one real root of
e“cosr = —1.

. Using f (x) = (z — 4) Inx, prove that the equation xInx + x = 4 is satisfied by at

least one value of z in (1, 4).

. Consider a function f (z) = (z — 2)(x — 1). Prove that f (—1) = f (4) . Also, find a

point ¢ € (—1,4) such that f'(c) = 0.

. Verify the Lagrange’s Mean Value Theorem for the following functions :

(@) h(z) =sinmz on [0, 4];
() j(z) =223 +40n|0, 2.

At what point is the tangent to the curve y = 2" for n € N parallel to the chord
joining the points (0,0) and (2,2").

Use the Lagrange’s Mean Value Theorem to prove that

(a) |sinax — sinbx | < |a — b| |z| for = # 0;

(b) |cosaxr — cosbx | < |a — b||z| for x # 0;

(©) 0 < tlog==t < 1.

T

. Prove that e” > (1 + ) for all z(# 0) € R.

Prove that ]
2 sinz

<1 for 0 < 2 < —.
T x 2

Prove that
tanx x T
< — for 0 <o < =
T sinx 2

6.9 Solutions to In-text Exercises

Exercise 6.1

1.

(a) Here, we have f(z) = (x — a)™(xz — b)" defined on [a, b], where m,n € N.
Being a polynomial f is continuous and differentiable. Also, f(a) = f(b) = 0.
Thus, all the conditions of Rolle’s Theorem hold. Thus, there must exist some
¢ € (a,b) such that

fle)=0
that is,
m(c—a)" c—b)"+n(c—a)"(c—b)""1=0

Therefore, we have ¢ = % € (a, b) such that f’(c) = 0.
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(b) Here, we have f(z) = log ifb—‘;lg’c defined on [a, b |. Then, f is continuous and

differentiable (Verify it!). Also, f(a) = f(b) = 0. Thus, all the conditions of
Rolle’s Theorem holds true. Thus, there must exist some ¢ € (a, b) such that
f'le)=0

that is,
(a+b)z (a+b)z.2z — (2% + ab)(a + b)
(22 4 ab) (@ + b)2x?

Therefore, we have ¢ = v/ab € (a, b) such that f'(c) = 0.

=0

2. (a) Consider f(z) = 2% defined on [0, 7]. Then, f is continuous and differen-
tiable (Verify it!). Also, f(0) = f(m) = 0. Thus, all the conditions of Rolle’s
Theorem holds true. Thus, there must exist some ¢ € (0, 7) such that

flle)=0
that 1s,
e‘(sin ¢ — cosc)
e2c -
Therefore, we have ¢ = /4 € (0, 7) such that f'(c) = 0.
(b) Here, we have f(z) = elx)(sinz — cosx) defined on [%, 2%]. Here f is con-

tinuous and differentiable. Also, f(w/4) = f(57/4). Thus, by the Rolle’s
Theorem, there must exist some ¢ € (’T 5”) such that

4074
fle)=0
that is
e‘(sinc — cosx) 4+ e°(cosc+sinc) =0
Hence, we have 2¢€sin ¢ = 0, thus, we have sinc = 0. Hence c = 7 € (%, %)

3. (a) Here f(z) = |z — 2| is not differentiable at x = 2. Thus the hypothesis of
Rolle’s Theorem is not satisfied. Hence, Rolle’s Theorem does not hold.

(b) Do Yourself!
(c) Here, we have h(0) = 0 # h(1) = 1. Thus, Rolle’s Theorem is not applicable.

(d) Here j(0) = 0 but j(1) = 2. Hence the conditions of Rolle’s Theorem are not
satisfied,

(e) Rolle’s Theorem is satisfied and we have k'(c¢) =2c=0atc=0 € (—2,2).

Exercise 6.2

1. (a) Consider f(x) = x? defined on [0, 5]. Being polynomial, f is continuous and
differentiable. Therefore, the conditions of Lagrange’s Mean Value Theorem
are satisfied. Thus, by Lagrange’s Mean Value Theorem, we have

f(b) — f(a)

fle) = =01
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That is,

5—-0

Hence, we have ¢ = 2 € (0,5). Thus, Lagrange’s Mean value Theorem is

satisfied.

[\J )]

(b) Here, we have g(z) = 2* defined on [—1, 1]. It is continuous as well as differ-
entiable for all z € [—1, 1].
Now,

That is,
. 14(-1)

S Y

=1
Hence, we have ¢ = \/g € (—1,1). Thus, Lagrange’s Mean value Theorem is
verified.

2. Consider y = ™ defined on [0, 1]. The given curve is continuous and differentiable.
Thus, there must exist some ¢ € (0, 1) such that the tangent at (¢, f(c)) is parallel to
the chord joining by the point (0,0) and (1, 1), where the point ¢ € (0,1) is

J) - f(0) _

flley =

1
Thatis, we have nz" ' =1 =2 = (%) n=T

3. Do it yourself ! (¢ = 0.845 and 3.154 € (0,4))

Exercise 6.3

1. Consider f(z) = 2® — 322 + 4z + 2. We have, f'(z) = 32° — 62 +4 = 3(2? — 22 +
1—1)+4=3(x—1)*>+1 > 0forall z € R. Thus, f(x) is monotonically increasing
function.

2. Consider f(z) = 22® — 152% + 36z + 1. After differentiating with respect to z, we
get
f'(z) = 62* — 30x + 36

For the critical points, we have f'(x) = 0, that is, 62 — 30z + 36 = 0, or, we can
say 6(x — 2)(z — 3) = 0.

Hence, © = 2, 3 are critical points of f(x).

Here, one can observe that f’(z) > 0 whenever x < 2 and x > 3, f'(x) < 0 for
2 < z < 3. Hence, the given function is increasing on the interval (—oo, 2) U (3, 00)
and decreasing on the interval (2, 3).
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Lesson -7

Expansion of Functions
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Structure
7.1 Learning Objectives

7.2 Introduction

7.3 Cauchy’s Mean Value Theorem
7.4 Sequences and Series

7.5 Taylor’s Theorem

7.6 Some Standard Expansion

7.7 Summary

7.8 Self-Assessment Exercises

7.9 Solutions to In-text Exercises

7.1 Learning Objectives

To learn the Cauchy’s Mean value Theorem and its applications;

To understand the geometrical interpretation of Cauchy’s Mean Value Theorem;

To learn Taylor’s theorem with illustrations;

To learn and implement the expansions of functions by using Taylor’s series and
Maclaurin’s series.

7.2 Introduction

In the previous lessons, we have studied the Mean value Theorems (namely Rolle’s Theo-
rem and Lagrange’s Mean Value Theorem) and their applications in calculus. In this lesson,
we further continue our study about the differentiable functions in the light of Mean value
Theorems. We also pen down some applications of the Mean value Theorems in calculus.
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We will introduce two more generalizations of the Mean value Theorem namely Cauchy’s
Mean value Theorem and Taylor’s Theorem. In general Mean value Theorem talks about
the existence of some point in the domain of the function which relates the value of func-
tion with its first derivative. In this lesson, we will study Cauchy’s Mean value Theorem,
which deals with two continuous functions and their first order derivatives simultaneously.
While, Taylor’s Theorem provides some relationship between the values of a function with
its higher order derivatives.

7.3 Cauchy’s Mean Value Theorem

In this section, we study a generalization of the Mean value Theorem namely Cauchy’s
Mean value Theorem. We also discuss some applications for the Cauchy’s Mean Value
Theorem. We will also prove some results regarding arithmetic and geometric mean in
view of the Cauchy’s Mean value Theorem.

Theorem 7.1. Let f and g be two real-valued functions defined on a closed and bounded
interval [a,b] such that

(1) f and g both are continuous on |a, bl;
(17) f and g both are differentiable on (a,b);
(i13) ¢'(x) # 0 forall x € [a,b].

Then, there exists at least a point ¢ € (a, b) such that

that is,

(f(0) = f(a)) g'(c) = (9(b) — g(a)) f'(c)

Proof. Let f and g be two real-valued functions, defined on closed and bounded interval
[a, b], such that f and g both are continuous on [a, b] and differentiable on (a, b) and ¢'(x) #
0 forall x € (a,b).

Now, consider a function F' defined as

F(z) = f(x) + Ag(x)

where A is a constant chosen such that F'(a) = F'(b). Hence, we have

f(a) + Ag(a) = f(b) + Ag(b)

that is,
b) —
A= _M (7.1)
g(a) = g(b)
Here, one can observe that g(a) # g(b). Let if possible, let g(b) = g(a). Then g being
continuous on [a,b] and differentiable on (a,b), g satisfies all the conditions of Rolle’s
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Theorem, thus by the conclusion of Rolle’s Theorem, there must exist some ¢ € (a, b) such
that

g()=0
which leads to a contradiction as ¢'(z) # 0 for all z € (a, b).

Since f and g both are continuous on [a, b], therefore F is also continuous on [a, b].
Similarly, F" is differentiable on (a, b) and by the choice of A, we have F'(a) = F'(b). Thus,
all the condition of Rolle’s Theorem hold for the function /' and hence there must exist
some ¢ € (a, b) such that

F'(¢)=0
ie. f'l(c)+Ag'(c)=0
f'le) _
M
O 0@,
"D o) gl e
Hence the proof. O]

The Cauchy’s Mean value Theorem is also known as the Second Mean Value Theorem
of differential calculus.

Remark. If we consider g(x) = x for all © € [a,b]. Then, the real-valued function g is
continuous and differentiable on [a, b] (being a polynomial). Also, ¢’(x) = 1 # 0 for all
x € |a, b]. Thus, by the Cauchy’s Mean Value Theorem, we get

f/(C) _ f(bl)) : g(a)

Thus, one can conclude that Lagrange’s Mean Value Theorem is a particular case of Cauchy’s
Mean Value Theorem.

for some ¢ € (a,b)

Alternate Form of Cauchy’s Mean value Theorem

Let f and g are two real-valued functions defined on closed and bounded interval [a, a+
h] for some h > 0. If

(7) f and g both are continuous on [a,a + hl;
(77) f and g both are differentiable on (a, a + h);
(i13) ¢'(x) # O forall z € (a,a+ h)
then, there exists a real number 6 € (0, 1) such that

flath)— fla) _ f'at0h)
glath)—gla)  gla+0h)




Geometrical Interpretation of Cauchy’s Mean Value Theorem

In this section, we learn the significance of Cauchy’s Mean Value Theorem geometrically.
Cauchy’s Mean value Theorem claims that if, we have a parametric equation of a curve
x=g(t)andy = f(t) fora <t < b and suppose f and g both are continuous on [a, b] and
differentiable on (a, b). Then, for any ¢ € (a,b), where ¢'(t) # 0, the slope of the curve at
the point (g(t), f(t)) is
/
W
g'(t)
The Cauchy’s Mean value Theorem says that under the given hypothesis, there must exist
some ¢ € (a,b) for which the slope of the tangent at the point (g(c), f(c)) coincides with
the slope of the chord joining by the points (g(b), f(b)) and (g(a), f(a)) of the curve.

y=f(t) 4

/ B(g(b), f(b))

Clgle), fic)

Aly(a), f(@)1

Figure 7.1: Cauchy’s Mean Value Theorem

The Cauchy’s Mean Value Theorem can also be concluded as follow:
If all the hypothesis of the Cauchy’s Mean Value Theorem holds good then, one can
re-write the conclusion as

f(0)—f(a)
b—a : _ f/(C)
g(bb:z(‘l) g’(c)

that is,

slope of the chord joining (a, f(a)) and (b, f(b)) _ slope of the tangent at (c, f(c))
slope of the chord joining (a, g(a)) and (b, g(b)) ~ slope of the tangent at (c, g(c))

Now, we will illustrate the Cauchy’s Mean Value Theorem, with the help of some ex-
amples. We also discuss some applications as well.

Example 7.1. Verify the Cauchy’s Mean Value theorem for the function
f(z) =2* and g(z) = 2?

on the interval [1, 2].
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Solution. Consider the functions f(z) = z* and g(x) = x? defined on [1, 2]. Then, being
polynomial functions

(¢) f and g both are continuous on [1, 2];
(77) f and g both are differentiable on (1, 2).

Also, ¢'(x) = 2x # 0 for all z € (1,2). All the conditions of Cauchy’s Mean Value
Theorem are satisfied, therefore there exist some ¢ € (1,2) such that

f@2) = 1) _ fe)
9(2) —9(1)  g'()

That is,

=22 =5 orc:i\/g:il.&z

Here, we take ¢ = 1.58 € (1,2). Thus, the Cauchy’s Mean Value Theorem is verified.
Example 7.2. Verify the Cauchy’s Mean Value Theorem for the functions

flz) =2 and g(x) = arctan x
on the interval [0, 1].

Solution. Consider the functions f(z) = 3 and g(z) = arctan z defined on [0, 1]. Since
f is a polynomial functions and g is an inverse trigonometric function, therefore Then, one
can verify that

(i) f and g both are continuous on [0, 1];
(#7) f and g both are differentiable on (0, 1).

Also, ¢'(z) = 5z # O forall z € (0,1). Thus, all the hypothesis of Cauchy’s Mean Value
Theorem is verified. Therefore there exists some ¢ € (0, 1) such that

That is,
1-0 3¢

T _ (0 1
4 0 14c2

4_1—1—02

5 = 122 =1 4+ 7c?

c
= T
12— 7

. Thus, ¢ = £+ 127:7r = +0.60.

Hence, we get ¢ = 0.60 € (0, 1). Thus, the Cauchy’s Mean value Theorem is verified.
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Example 7.3. Show that
sin v — sin 3
——— =cotd
cos B — cos «

where 0 < a <0 < < /2.

Solution. Here, let us define two functions f(z) = sinz and g(x) = cos z on the interval
[, B], where 0 < a < [ < w/2. Both the functions f and ¢ are continuous, being
trigonometric function on the interval |« 3] and differentiable on («, 3). Also, ¢'(z) =
—sinz # 0 forall z € (o, B).

Hence, by the Cauchy’s Mean Value Theorem, there exists at least one real number
6 € (a, ) such that

That is,
sin § — sin « cos
=— = —cot f

cos f — cos « sin 6
Thus, we have
sina — sin 3

=cotf, where 0 < a < 0 < 3 < m/2.
cosa — cos 3

Example 7.4. By using the Cauchy’s Mean Value theorem, illustrate that the arithmetic
mean and geometric mean of two numbers a and b always lie between a and b.

Solution. We illustrate as following:

(i) Let us consider two functions f(x) = x? and g(x) = x defined on closed and

bounded interval [a, b], (and without any loss of generality, we assume that a < b).

Here, both the functions f and g are continuous and differentiable on [a, b]. Also,
¢'(x) = 1(# 0) for all z. Hence, by the Cauchy’s Mean Value Theorem, there must
exist some number c between a and b such that

)~ fla) _ 10
9(b) —g(a) ~ ¢(0)

that is, we have
> —a®  2c

b a 1 =0+a c
Hence, we get some ¢ € (a, b) such that
b
c= o € (a,b).

2

Now, we will illustrate that geometric mean of two positive real numbers a and b,
Vv ab is always lie between them, that is,

a<\/%<b
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(it) Consider two functions f(z) = /= and g(x) = 1/+/x defined on [a, b], where 0 <
a <b.

One can easily verified that f and g both are continuous function on [a, b]. Also,
fl(x) = ﬁ; and ¢'(x) = ﬁ(# 0) for all > 0. Thus, by the Cauchy’s Mean
value Theorem, there must exist some ¢ € (a, b) such that

that is, we have

GoyE_E (i) () -
T (-9 ()

Thus, we have

¢ =Vab € (a,b)

Hence the result.
In-text Exercise 7.1.  [. Verify the Cauchy’s Mean Value Theorem for:

(1) f(z) =xz(z —1)(z —2) and g(x) = x(x — 2)(x — 3) on the interval [O, %},

(i1) f(z) =sinz and g(x) = cosx on the interval [—Z,0].

7.4 Sequences and Series

In this section, we will discuss about more analytical concepts of real numbers — the se-
quences and infinite series. Here, we will discuss about the limiting process, the most
fundamental concept of analysis. The concepts of convergence of a sequence and a series
are helpful to discuss the Taylor’s and Maclaurin’s Series in Section 7.5.

Sequence

Definition 7.1. A sequence of real numbers or a real sequence is a bijective function from
the set of natural numbers N to the set of real numbers R.

Since we will discuss only real sequences here, we use the word sequence to denote a
real sequence.
Usually, a sequence f: N — R is often expressed by

(fn) = <f17f27"'7fn7"')

or
(xn) = (1, T2y« oo, Ty - - -), Tp = fn

x,, is termed as the nth term of the sequence (x,,).
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Example 7.5. 1. ((—1)") is the sequence whose n'" term is (—1)" and the sequence is
(=1,1,—-1,...,);

2. (%) is the sequence whose n' term is 1/n and the sequence is (1,1/2,1/3,...,);
Apart from these, there exists some known sequences such as

1. Constant sequence
A sequence in which each term is equal to some a € R, for example, the sequence
(a,a,a,...)is called a constant sequence;

2. Recursive Sequence

A sequence may be defined with the help of some recursive formula. In this case, the
term of the sequence depends on its previous terms.

For example, the sequence consisting of odd natural numbers can be defined as

I = 1
Ty + 2, foralln > 1

Tn+1

now, consider the following sequences

() 0+ -1

n2

If we closely observe the behaviour of these sequences for sufficiently large values of n.
we can say that, as n increases, the terms of first sequence decreases gradually and move
towards zero. Whereas, in the second sequence, for large values of n, the terms of this
sequence approaches to oo. On the other hand, the terms of these sequences oscillates
between 0 and 2.

Out of these three sequences, the first one is a convergent sequence with zero as its
limit, while the other two are the divergent one.

We now provide a formal definition of the convergence of the sequence.

Definition 7.2. Let (z,,) = (x1, 22, 23, ..., ) be a real sequence. A real number x is said to
be a limit of (z,,) if for every £ > 0, there always exists a natural number m € N such that

|z, — x| <e foralln > m

If a sequence (z,,) has a limit x, then we say that (z,,) is convergent and it converges to
x. Symbolically, we write

lim (z,) =2 or lim(z,)=2z or z,—=x
n—oo

If (x,,) does not have finite limit, then we say that the sequence is non-convergent or diver-
gent.

Example 7.6. The sequence (nLH), thatis (1/2,2/3,3/4,...) converges to the limit 1.
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Remark. 1. The natural number m chosen in definition 7.2 o flimit d epends on e.
Which means that for different choices of €, we shall get different value of m;

2. For given € > 0, one can get more than one m, that is, the choice of m is not unique;

3. Limit of a sequence, if it exists, is always unique.
By the inspection, one can easily determine the limit of the following sequences:
1. The sequence (a"), for 0 < a < 1 is a convergent sequence, which converge to 0;

1+2+3+.A.+n> _ (n_+1) _ (ﬁ

1.
2 on 5 > converges to 55

2. sequence (

3. (na™) for 0 < a < 1 converges to 0.

Following are some examples of convergent sequences, which help us to check whether a
sequence is convergent or divergent.

Definition 7.3. (Bounded Sequence) A sequence (x,,) is said to be bounded if there exists
some M > 0 such that
|z, < M for all n

Example 7.7. One can easily observe that ((—1)"), (2;) are examples of bounded se-

quences as we have

(=1)" <1, <1, foralln € N

n?
whereas (n) and (n® + 1) etc. are unbounded sequences.

Now, We provide some properties of convergent sequence in terms of boundedness.
Theorem 7.2. Every convergent sequence is bounded.
Proof. (Left as exercise.) ]

Remark. The converse of the above result does not hold in general. For example, consider
the sequence ((—1)"), it is a bounded sequence with the bound M = 1, but not convergent.

From the above theorem, one can conclude that if a sequence is not bounded, then it
must be divergent.

Example 7.8. Verify whether the sequence (n?) is convergent.

Solution. Let if possible, (n?) is a convergent sequence. Therefore, it must be bounded.
Hence, there must exists some M > 0 such that foralln € N

n?>< M
or n<vmM

which leads to a contradiction as for each real number x (in particular for \/m ) there
exists n € N such that n > z. Therefore, (n?) can not be bounded and hence can not be
convergent.
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Cauchy Sequences

Although boundedness provides us a necessary condition for the convergence of a se-
quence. But it does not provide us the sufficient conditions, there are of examples of
sequences, which are bounded but not convergent. Below, we discuss an important cri-
terion, known as Cauchy Convergence Criterion, which will provide both necessary and
sufficient conditions for the convergence of real-sequences.

Definition 7.4. A sequence (x,,) is said to be a Cauchy Sequence if for given € > 0, there
exists a natural number N such that

|z, — x| <€ foralln,m > N

In simple words, we can say that the difference between the terms become very small
as the sequence progresses. That is, if we drop a few finite numbers of terms from the
beginning, then the distance between any two of the remaining terms will be arbitrarily
small.

It can be easily derived that

1. Every convergent sequence is a Cauchy sequence;

2. Every Cauchy sequence is bounded.
That s, if a sequence is not bounded, then it is not a Cauchy sequence. Similarly, a sequence
which is not Cauchy, is not convergent.

Thus, for the set of real numbers R, we can give the following conditions:

Theorem 7.3. (Cauchy’s Criterion of Convergence)
A sequence (x,,) is convergent if and only if it is a Cauchy Sequence.

That is, a sequence (x,,) is convergent if and only if for given any € > 0, there exists a
natural number N such that

|z, — x| <€ foralln,m > N

In-text Exercise 7.2. 1. Find the limit of the following sequences.

«
&
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Infinite Series

In this section, we will learn the concept of infinite series of real n umbers. We will study
the convergence and divergence of an infinite series.
Let (z,,) be a real sequence. Then, the sum

[e.e]

Z:$1+5C2+£C3+—|—l‘n+

n=1

is called an infinite series.
o

The sum of first n terms of the infinite series Zmn is denoted by S,,. The sequence

n=1
(S,) is known as the sequence of partial sum of the series an.
n=1
Consider a series
LA
2 22 28 7

also known as geometric series, is an example of an infinite series.
Let (.S,) be the sequence of partial sum of the above mentioned geometric series and
let S,, denote the sum of first n terms. Then, we have

1 n—1
52 (3)

-1
Here, one can observe that for larger values of n, (%)n becomes very small. In other
l n

5 ! can be made as small as we
please. Thus, for this sufficiently large n, the sequence of partial sum (.S,,) approaches to 2
. A series, in which (.5,,) tends to a finite limit is called a convergent series and the sum of
the series is lim (5),)..

n—o0

words, by choosing a sufficiently large n, the term ( )

Definition 7.5. An infinite series > z,, is said to be convergent if its sequence of partial
sum (S,,) is convergent. Also, let

o5 =5
then S is called the sum of the series an and we write
n=1

ixn = S.
n=1

Since, we link the convergence of the infinite series with the convergence of a sequence,
therefore the convergence of the series can be easily studied in the light of the convergence
of a sequence.

Now, consider the following infinite series

1424224284+ ..
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1-1+1-1+4+1—...
1-3+5-7T+9-11+...

In the first series, S,, = 2" — 1 and as n increases, 5, also increases and by choosing
sufficiently large n, .S,, can be made to very large and can exceed any given number, how-
ever large that number may be chosen. Therefore .S,, tends to infinity as n tends to infinity
and therefore the series (1) is divergent.

But in the second series, its sequence of partial sum (S,,) is equal to either 0 or 1,
(depends on n, either is odd or even). Similarly, in the third series, S, is alternatively
positive and negative, while .S, increases numerically with n. Such series, where the sum
oscillates from one value to another is known as oscillatory series.

Note. Rules of algebra, like addition, multiplication etc. can not be applied to the infinite
series also.

Consider an infinite series
S=142+448+16+...
after multiplying by 2, we get
2S= 2+4+44+8+16+...
after subtracting the above two equations, we get
S=-1

which is absurd, since all the terms in S are positive. It happens because S is not a conver-
gent series. Multiplication and addition in series holds only, when they are convergent.

Example 7.9. Discuss the convergence of the series
a+axr+ar’+ard+ .. Fax"t ...

where, a € R is a constant and z € R.

Solution. The given series is a geometric series with the first term a and the common ratio
. Thus, the sum of first n terms is

a(l —a™)
1—=

Sp =

Here, the convergence of (S,,) depends on x only. If |x| < 1, then |x|™ decreases continu-
ously and tend to 0, as n tends to infinity. Hence

S = lim (S,) = —

n—00 1—2x

Thus, the given series is convergent, if |z| < 1.
If || > 1, then |x|™ continuously increases with n. Hence the series diverges for z > 1.

133



For z = 1, the series becomes
at+a+a—+...+

which is divergent as S,, = na and increases rapidly with n.
For z = —1, we have

a—a+a—a-+...

Here, S,, is alternatively a and 0, therefore, the series oscillates..

Example 7.10. Find the sum of the first n terms of the following series and discuss their
convergence:

= 1
1. _
;n(n +1)
2. inQ
n=1

1
Solution. 1. Let an = Z 1 Then
7’L

_ 1 _ 1 1 1
Thus, we have 71 = 1 — 5, x5 = G T = o — =

1
2

Let S, be the sequence of partial sum of the given series, then we have

1
S, =1+ +a3+...+x,=1—

1
Therefore, lim (5,) = lim (1 — ) =1

n—oo n—oo

Hence, the sequence of partial sum (.S,,) converges to 1. Thus, we have an =1

n=1
2. Here, x,, = n? and the sum of first n terms is

Sp=x1+T9+a35+ ...+, =1+224+3+...+n°

Therefore, S,, = w and lim (S,,) = oco. Thus, the sequence of partial sum
n—o0

(S,) diverges to oo, therefore an also diverges to co.

n=1
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7.5 Taylor’s Theorem

Taylor’s Theorem gives us a method to approximate a given function by a polynomial. Ap-
proximating a function by a polynomial is a very useful in calculus. It is because of the fact
that polynomials are one of the simplest kind of functions for which differentiation, inte-
gration etc. are easy to compute. Taylor’s Theorem gives us the tool to look for the suitable
polynomial for a given function also to describe the error involved in the approximation.

As mentioned before, Taylor’s Theorem is a more general form of Mean value Theorem.
It is applicable when the function is continuously differentiable.

Theorem 7.4. (Taylor’s Theorem) Let | be a real-valued function defined on [a,b] such
that

(1) the nth derivative, f™ is continuous on [a, b];
(ii) the nth derivative, f™ is differentiable on (a,b), That is, f™"*Y) exists on (a, b).

Then, we have

)2
10) = 1@ + 0= a) ') + o ey
(b—a) b=a)" .
L@+ S @)
(b — a)n—i—l n
NCEVR " a+0(b—a)) (7.2)
for some 6 € (0, 1).
Proof. Let f be areal-valued function defined on [a, b] such that its nth derivatives, f’, f”, ..., f*~!
exist on [a, b]. Then consider a function
2
F(x) = £(8) ~ f@) — (b - ) ) - O ) -
b _ T
_ %Jrr(x) _
(b—z)" ., (b— )"
TR S e v s

where () is a constant chosen such that F'(a) = F'(b). Since F'(b) = 0, therefore, we have
F(a) =0.

(b—a)®

0=F(b) = f(a) = (b—a)f'(a) = ——/"(a) -
— (b _r!a)rfr(a) —
(@ ;!a)”fn(a) 3 (b(;f):;lQ (7.3)
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One can observe that F'(z) consists of a finite number of terms and f " exists therefore
F'(x) exists for all x € [a, b] and by the construction F'(a) = F(b), thus all the conditions
of Rolle’s Theorem are satisfied by F'(z) on [a, b|. Therefore, there exists some ¢ € (a, b)
such that

F'(¢)=0

that is, we have

—f'(e) + f'(e) = (b= ) f"(e) + (b — ) f"(c) — )+

h— )\ h— )
—%f(")(c) + %Q 0.

(b—c)?

Thus, we have

b— )
( n'C) _ (Q . f(n+1)(c)) —0.
that is,
= Q=" () (7.4)
Therefore, from equations (7.3) and (7.4), we get
Y
£0) = @) + 0 - a) ') + )+
b—a)" b—a)”
( ﬂ“(#@o+.”+( nf)fmxw
(b— a)(nH) (n+1)
PR
or,
_ —a)" — )t
f(b) = f(a)+(b—a)f’(a)+%+. . .—i—%f(”)(a)jt%f(”“)(a+0(b—a)) for some 0 <
(7.5)
Hence, the proof.
[

Remark. Usually, Taylor’s Theorem is quoted in the following forms:
(1) By replacing b by = in Equation (7.5), we get

(x —a)*

fo) = F@) + (- ) (0) + E )
(x;fyfnw+.”+(x;fnyM@
(z — a)+l) (n1)
Wf (a+0(x—a)), 0<f<1 (7.6)
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(i) By replacing b by x + h and a by x in Equation 7.5, we get

f(x+h) :f(x)+hf’(x)+z—jf"(x)+...+

h" h"
Ffr(x) +...+ mf(")(x)

h(n-i—l) )
+mf(”+)(x+9h), 0<0<1 (7.7)

Remark. We have from equation (7.6) that

f(@) = Tu(z) + Ry ()

where
To(z) = f(a) + (x —a) f'(a) + wf”(a) ...+ (aj;—!a)nf(”)(a) (7.8)
and
Rufw) = E= 0" p0i) 0 4 (e — ) (7.9
" (n+1)! ' '

The polynomial 7, (x) in equation (7.8) is called the Taylor’s Polynomial of degree n
and R, (x) in equation (7.8) is known as the remainder term. If we approximate f(z) by
T.(z), then R, (z) = f(x) — T,,(z) is the error term in this approximation.

That is, if all the conditions of Taylor’s Theorem holds good for a function f on [a, b],
then one can decompose the same into two parts, (i) Polynomial (ii) and some remainder.

Later, we will study that for a sufficiently large n, whenever the remainder term con-
verge to 0, then the given function f(z) converges to T,,(z).

In the following examples, we illustrate the above stated Taylor’s Theorem.

Example 7.11. Find the Taylor’s Polynomial of degree 3 for the function f(z) = sinz
about z = 0.

Solution. Let us consider the function f(z) = sin z, which is continuous and differentiable
for all x € R. Then, we have

f(z) = sinz = f(0) = sin(0) =0;
fi(x) = cosz = f'(0) = cos(0)=1;
f'(x) = —sinz = f"(0) = —sin(0)=0;
f"(z) = —cosxz = f"(0) —cos(0) = —1;
Therefore, we have
7 z3
Ty(z) = f(0) + 2 f'(0) + 5 f(0) + 57 f"(2)
T
:O—FZB—FOE—FW[L‘
:x—1x3
6
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Figure 7.2: Graph of sin x and its Taylor Polynomial of degree 3 about 0
Example 7.12. Find the Taylor’s Polynomial of degree 3 of the function

f(z) =3+ 522 — 42% + 2*
about v = 1.

Solution. Consider the function

f(z) =3+ 52 — 42® + 2%,

which and continuous and differentiable for all x, also we have f(1) = 5. Now, we have
flz) = 3452243+ = f(1)
fi(x) =
)
)

(1) = 5
10r — 1222 + 423 = f'(1) = 2;
f(x 10 — 24x + 1222 = f(1) = -2
1" (z —24 + 24z = f"(1) = 0;
Thus, the Taylor’s Polynomial of degree 3 of the given function is
Ts(x) =

= 1+ -+ iy B )
=5+2x—1)— (x —1)%

In-text Exercise 7.3.

1. Find the Taylor’s polynomial of degree 4 of the following func-
tions
(1) f(x) = cosx about x = 0;
(iz) f

(x) = e” about x = 0;

Lagrange’s and Cauchy’s Forms of Remainders

In the Taylor’s theorem discussed and illustrated above the remainder term
B (x — a)(”'H) (1)
Rule) = 2y ot e — )
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Figure 7.3: Graph of f and its Taylor Polynomial of degree 3

given by (7.9) depends on n € N. Itis also known as Lagrange form of remainder. There is
another form of the remainder term R,,(z) as well, known as Cauchy’s form of remainder,
It is presented in the following theorem.

Theorem 7.5. Let [ be real-valued function defined on [x, x + h] such that
(i) the nth derivative ™) is continuous on [x,x + h);
(i1) the nth derivative f™ is differentiable on (x,x + h)

then, there exists a real number 0 between 0 and 1 such that

(n+1)
D (L= 0 D (w4 0h)

(7.10)

2 n
Floth) = (@) 4 (@) + 5 @)+ fOa)

That is,
flx+ h) =T, (z) + R.(z), where

To(z) = f(a) + (x — a) f'(a) + %f”(a) oot %f(”)(a)
and
h(n+1)
Ru(w) = ——(1 - 0) f D (z +6h), 0 < <1

is the Cauchy’s form of remainder.

Maclaurin’s Theorem

Suppose f is a real-valued function, satisfies all the conditions of Taylor’s Theorem in the
given interval [a, a + h] and suppose x € [a, a + h]. Then f also satisfies all the conditions
in the interval [a, x].
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By replacing a + h by x in the expression stated above, we get

Fo) =f(a) + (@~ a) @) + T ) o
(. —a)" (z —a)™Y
Tf( () + Wf( (a+0(z - a))
(Lagrange’s form of Remainder)
or
1) =) + @ = a)a) + T )
x—a)” x — q)mtD)
EZ O foriay + 20yt 6e — a)

(Cauchy’s form of Remainder)

On taking a = 0 in the above equations, we get:

2 n (n+1)
Fa) = FO)+2f(0)+ S f"(0)+-.+ = F(0) + hf(”ﬂ)(ﬁx), 0<6<1
and
x? " (D)
f@) = FO+f (O3 00+ AT [P0 F——=(1=0)"f" D (0z),  0<h<1

(7.11)
As stated earlier, if the remainder term R, (z) in the expression for f(z) using Lagrange’s
form of remainder or Cauchy’s form of remainder tend to 0 as n tends to oo, the f(x)
converges to polynomial 7T,,(z). Therefore, for both cases, we can write

() % J(0) + 27 (0) + 5 1(0) + ..+ S f(0) (.12
or )
F(@) = FO) +2f(0) + /O + ...+ (0) +.. (7.13)

This is known as Maclaurin’s Series expansion of f(x)

7.6 Some Standard Expansion

In this section, we use Maclaurin’s Series, to discuss the power series expansion of some
functions.

1. Expansion for e*

Let us consider



Then we have (™) (z) = e” forall n € N, thus f possesses derivatives of all order for
all values of x € R. Therefore, from Maclaurin’s Theorem, with Lagrange’s Form of
remainder, we have

f(z) =T,(x) + Ru(x)
=£(0) +zf'(0) + %f”(O) o+
ZI0) + Rue)

where,

n n+1
a™ f(n+1)< ) ™t e@x
(n+1)! (n+1)!

As, we know that x — 0, when n — oo for all x. Therefore,

Rn(x) =

Jin Ro) = Ji e =0 71

Hence, we have the Maclaurin’s series expansion of f(x) as

2 $3 n

T T
f(f[)—e—l—f-l"f-a‘f‘y‘f' ‘f‘m—i—...

for all x € R.

. Expansion for cos x
We have f(x) = cosx,

f(")(x) — cos (% + x) foralln € N

Now, from the Maclaurin’s Theorem with Lagrange’s Form of Remainder, we get
f(x) = Th(x) + Rn(x)
2
x
= f(0)+zf'(0) + Ef”(o) +...+
" )
L F0) 4 Ra(a)

n+1

where R, (1) = 2 f("*(9x) for some # € (0, 1). Thus,

(nt1)!
xTH—l
Ry (z) = TS sin ((n+1)2 +9x>
Therefore,
anrl T n+1 n+1
Ru(o)] = | gy sin (v + 15 + o) < | 2o sin (04 D)+ 6)| < Tn‘




Therefore, when n — oo, R, (x) — 0 for all value of x € R. Hence, all conditions
of Maclaurin’s series holds good. Hence, we have

f(@) = f(0) +zf'(0) + %f”(O) + %f”’(o) 4o

where, f((0) = cos (). Thus, we get

x? ot

COS$:1_§+Z_'”

forall z € R.

3. Expansion for log (1 + )
Let us consider f(z) = log(1 + z) for x € (—1,1].
We have

(=) " n -1
(I+az)n

foralln € Nand forall x > —1

£ (x) =

Therefore, f possesses derivatives of every order for z > —1. Hence, by the Maclau-
rin’s Theorem, we have

f(x) = Ta(x) + Ru(2)

= F0) +f/(0) + S £7(0) + ..+ —f(0) + Ry )

where R, (z) may be either Lagrange’s form of Remainder or Cauchy’s form of Re-
mainder. In the following, we consider two cases:

0 < 2 <1 Consider the Lagrange’s form of Remainder for z € (—1,0). That is,

!
) = G

B (_1)n T n+1
Con+1 \1+6x
for some 0 € (0, 1).

Since, we have € (0,1) and 6 € (0, 1), thus we have 0 < 57— < 1. That is

Fr(0x)

1
and

R, <
| B ()] n+1 n+1

—0asn —

Therefore, we have R, (z) — 0.
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—1 < 2 < 0 In this case ‘ﬁ‘ need not be less than 1. Hence, its not advisable to use La-
grange’s form of remainder, therefore, one can use Cauchy’s form of remainder
in this case. Consider

f(n+1)(9x)

‘ (1 . 9)nxn+1
n!

(=1)"n! (1—0)"
(14 6z)"+t1 nl

1-6\" 1
= (—-1)" (1 +«9x) T exa:”“ for some 6 € (0, 1)

R,(x) =

$n+1

Now, we have x € (—1,0) and 6 € (0, 1), therefore 0 < 1 — 6 < 1+ 0x. Hence
1-46
14 6x

Similarly, |z| < 1, hence ™ — 0 as n — oo. Thus, for sufficiently large n, we
have R, (z) — 0.

0< <1

Thus, from the above two cases, we get, whenever —1 < x < 1, we have

I'Q I'S
flz) = F(0) +2f(0) + 57 f7(0) + 5./ (0) + - ..
where f(x) = log (1 + z)
F(0)=0,f(0) =1, f"(0) = =1, f"(0) = (=1)*2,...
Thus, the Maclaurin’s Series expansion of log(1 + x) is

A

log(l—kx):m—?—l—g—zqt... for —1<2z<1

Note. While using Maclaurin’s Series expansion, one can use any form of remainder.

4. Expansion for (1 + z)™

Suppose m € N, then f possesses derivatives for all n and for all z € R. Also,
f™(z) = 0 whenever n > m. Thus, we consider the following two cases:

e m is a positive integer
In this case, f possesses derivatives of all order for each x € R such that
fl(x)=mA+2)" L f(z) =mim -1 +2)"2, ..., f™(z) =m!

and f(™(z) = 0 for all n. > m, thus for sufficiently large n, we have R, (z) = 0.
Hence, we have

f(x) = Ta(x) + Rn(2)

/ z” " z" (m)
:f(0)+:cf(0)+§f (0)+"‘+ﬁf (0)+0
(m—1) ,

m
:1+mx+Tx +...+z™

which is the required Maclaurin’s Series.
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e m¢N
In this case, we have

fM@)=mm—-1)(m—-2)...(m—n+1)(14z)m" forx # 1
Here, we consider Cauchy’s form of Remainder, that is

e e
_ m(m —1)(m — 2)n' (m—=n)(1—-06)" (14 fymr+1gm+

:m(m—l)(m—2)...(m—n)(1—9
1+ 0x

n' ) (1+6‘£E)m_1$n+1

Now, we will show that for the sufficiently large n, that is, as n — oo, we have
R, (z) — oo.

For |z| < 1and 6 € (0, 1), we have

0< 1_9<1:> 1= n—>0 —
as
1+0x 1+ 0x n o

Also (1 + fz)™ ! is finite and

m(m—1)...(m—n)

— Qasn — o0
n!

Thus, for the sufficiently large n, we have R,,(x) — 0 and we have

f()
£(0)

F0)+zf(0)+ Z—?f”(O) + z—jf”’(o) +...where f(z) = (1+2)"
L f(0) =m, f"(0) = m(m — 1), f"(0) = m(m — 1)(m — 2),...

Thus, the Maclaurin’s Series expansion of (1 + x)™ is

-1 -1 -2
(14x)™ = 1+mx+m(m2 )x2+m(m ?))(m >x3+. . for |z| < 1

In-text Exercise 7.4. . Assuming the validity of Taylor’s Expansion, show that

sirm:%(le(x—%)— (x_Z) — (x_.Z) +>

1

2. Assuming the possibility of expansion, expand tan™" x as far as the term containing

.
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7.7 Summary

In this lesson, we have discusses the following topics:
1. If f and g are real-valued function defined on a closed and bounded interval [a, b]
such that

(a) f and g both are continuous on [a, ] ;
(b) f and g both are differentiable on (a, b) ;
(¢) ¢'(z) #0forall x € (a,b).

Then there always exists at least a point ¢ € (a, b) such that

[0) — J(@) _ (0
g(b) —g(a)  ¢'(c)
It is known as Cauchy’s Mean Value Theorem.

2. Lagrange’s Mean value Theorem is a particular case of Cauchy’s Mean Value Theo-
rem.
3. Cauchy’s Mean Value Theorem can be restated as follow:
If f and g are real-valued function defined on a closed and bounded interval [a, a + h]
for some h > 0, such that
(a) f and g both are continuous on [a, a + h;
(b) f and g both are differentiable on (a, a + h);
(©) ¢'(z) #0forall x € (a,a + h)

then, there exists some 6 € (0, 1) such that

fla+h)— fla) _ f'(a+0h)
gla+h)—gla) g'(a+06h)

4. Taylor’s Theorem

Let f be a real-valued function defined on [a, b] such that

(1) the nth derivative, f™ is continuous on [a, b];
(ii) the nth derivative, f( is differentiable on (a, b). That is, f*1 exists on (a, b.
Then,
b—a)?
%f”(a) + ...+
b—a)”
o f’"(a)+...+u

- ™ (a)
(b_a)nH n+1
+Wf(+)(a+9(b—a))

f(b) = f(a) + (b—a)f'(a) +
(b—a)

for some value of 6 € (0, 1).
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5.

6.

10.

Taylor’s Theorem is also quoted in the following forms:
(1) By replacing b by z in the Taylor’s Theorem (Finite Form), we get

(m_a)Z 1"
Tf (@) +...+

(z —a)"

f(@) = f(a) + (z —a)f'(a) +

o )

(x —a)"™!

(n+1)!

F 9 a+0(z — a))
(7i) But on replacing b — a with h and put z for a in Taylor’s Theorem, we have

flx+h)=f(x)+hf(x)+ %f”(:c) +...+
hr . hn . hn+1
rEA R (@) (n+1)!

F (2 4 0h)

In the finite form of Taylor’s Theorem, the n'® Taylor’s Polynomial is defined as

(z—a)’
2l

(r —a)"

fla) + ...+ ——f"(a)

n!

Tw(x) = fla) + (z — a)f'(a) +
and the remainder term is denoted by R,,(x), which is defined as

(x —a)"™!

Fonl) = (n+1)!

F (0 + 0(x — a)).

Thus, Taylor’s Theorem can be represented as

flx)=T,(z) + R,(x) (7.15)

. The Lagrange’s form of Remainder is defined as

Ry(z) = % f(a + 0h)

. The Cauchy’s form of Remainder is defined

Ro(z) = —" (1= 0)"""f"(a+ O)

. When, we define the taylor’s series about x = 0, then Taylor’s Series reduces to

Maclaurin’s Series.
Maclaurin’s Series expansion of some standard functions

@ e =1+r+L+2 ...
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11.

12.

13.
14.

15.
16.

7.8

(b) COS[EZl—é—?—{—z—?—...

© log(l+o) =z — 242 2t}

(d (1+z)™=1+mx+ m(m-1) 2 | m(m—lg)(mq)

“ 34 for |z] < 1

A sequence of real numbers is a bijective function from the set of natural numbers N
to the set of real numbers R;

A sequence (z,,) is said to be convergent to z, if for given € > 0, there exists a natural
number m € N such that

|z, — x| <e foralln > m

Every convergent sequence is bounded.

A sequence (z,,) is said to be Cauchy if for given € > 0, there exists a natural number
N such that
|z, — 2| < e foralln,m > N

A sequence is convergent if and only if it is Cauchy.

An infinite series Y _ x,, is convergent if its sequence of partial sum (S,,) is convergent,
where S, is the sum of first n terms of > z,,.

Self-Assessment Exercises

. Verify the Cauchy’s Mean Value Theorem for:

f(z) =1/2* and g(x) = 1/z on [a, b] for a > 0;

If we consider, f(z) = 1/2? and g(z) = 1/z in the Cauchy’s Mean Value Theorem,
then show that c is the harmonic mean of the a and b.

Show that for z # 0
2
x
1—-—< .
9 COST

Find the Taylor’s polynomial of degree 4 for the function

(@) f(z) =3+ 5z + 522 — 102 + 122" about x = 2;
(b) f(x) = tanz about the origin;
(¢) f(z) =Inz aboutx = —1;

. Assuming the validity of expansion, prove that

(a) logsecxzz—?—i-%—i-...

(b) sinx =1 — (%%)2 + (%%)4 — ...

2! 4!
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10.

11.

7.9

(© log(1+sina) =z — 2 42 -2 4

Show that the sequence (z,,) where z,, = \/n (v/n + 1 — /n) is convergent.

. Show that the sequence z,, = (—1)" + 1 oscillates finitely.

. Show that

. Show that

Show that z,, = (—1)"/n is a Cauchy sequence.

Show that
1+1+1+ + L
T, = — 4 =4
3 5 2n—1

is not a Cauchy sequence.

Solutions to In-text Exercises

Exercise 7.1

(7)

Consider f(z) = z(z — 1)(z — 2) and g(z) = z(z — 2)(z — 3) defined on [0, }
One can easily observe that f and g both are continuous and differentiable on |0, % .
Also, g'(z) = 32® — 10z + 6 # 0 for all z € [0,]. Thus, all the conditions of
Cauchy’s Mean value Theorem hold. Thus, there exists some ¢ € (O, %) such that

F(3) =10 _ (o
9(3)—9(0) ¢
that is,
2 3c2—6c+2
5 32— 10c+6

After, simplification, we get ¢ = ¢ (5+V/13). Thus ¢ = ¢ (5+ V13) = 0.232 €
(0,1/2). Thus, Cauchy’s Mean value Theorem is satisfied.

Consider f(z) = sinz and g(z) = cosz defined on [—%,0]. Here, being trigono-

metric functions, f and g both are continuous and differentiable on the given interval.
Also ¢'(z) = —sinx, which is non-zero in (—%,0) . Hence, by the hypothesis of
Cauchy’s Mean Value Theorem, there must exist some ¢ € (—g, O) such that




that is,
cosc ]

—sinc

Hence, we get tanc = —1, thatis c = =7 € (—%, 0). Thus, the Cauchy’s Mean
Value Theorem is satisfied.

Exercise 7.2
1. 0.
2. 1.
3. 0.
4. sequence is unbounded and hence divergent.
5. sequence is oscillatory unbounded.
Exercise 7.3

(1) Consider the function f(z) = cosx, which is continuous and differentiable for all
z € R. Then, we have

f(x) = cosz = f(0) = cos(0)=1,;
f(x) = —sinz = f(0) = —sin(0)=0;
f'(x) = —cosx = f"(0) = —cos(0)=—1;

f"(x) = sinz = f"(0) = sin(0) =0;
f(x) = cosx = f%0) = cos(0) =1,

Therefore, we have

2 3 4
Ty(x) = F(0) +2f/(0) + S £7(0) + S f"(@) + 5 (@)

7 » 1,
=1+2.0+(-1)5 +05 + 5o
1 1
B B
2x +24x

(77) here f(x) = cosz, which is continuous and differentiable for all x € R. Also, we
have

Y (z) =e€" reR
and f"(0) = 1 for all n € N. Therefore, we have

2 3 1
Ty(x) = F(0) +f/(0) + 5 £7(0) + S f"(@) + 5 (@)

2 5173 LE4

xXr
:1—1—334-54-54—1

Exercise 7.4
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(7) Let us consider

f(z) = sinxz = sin (% + (x— %)) = sin(a + h)

™

where,a = Jandh =2 — %

By assuming the validity of expansion, we have

h? h3 ht .
flath) = f(a) + hf'(@) + oo f"(@) + 52 (@) + 1) + .

That is,

_E2 _53
Sinx:sinz+<x_z> T (a: 4) T (w 4) s

4 4 4 2! 4 3! 4

L (H(gg_g) Gt <$;F>3+...>
(if) Consider f(z) = tan—! . Then, we have
f@) =1
1) =~ s
7(x) = %
o) = 2]
) = 60z (I i4gf)25+ 24

Hence, we have f(0) =0, f/(0) = 1, f”(0) = 0, f"(0) = —2
f%(z) = 0and f¥(0) = 24.
Thus, by the Maclaurin’s series expansion, we have

3 5
1x:x—x—+24$—+...

tan™
3 51
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Lesson - 8

Indeterminate Forms

Dr. Ankit Gupta
Assistant Professor
Bharti college
University of Delhi

Structure
8.1 Learning Objectives

8.2 Introduction

8.3 Indeterminate Form 0/0

8.4 Indeterminate Form co/oo

8.5 Indeterminate form 0.co and co — oo
8.6 Indeterminate Forms 0°, oc”, 1%

8.7 Summary

8.8 Self-Assessment Exercises

8.9 Solutions to In-text Exercises

8.1 Learning Objectives

e To learn various type of Indeterminate Forms of limits;
e To understand L’ Hospital’s Rule and its use in Indeterminate forms;

e To understand the importance of the concepts of Indeterminate forms.

8.2 Introduction

In the previous lessons, we have studied concepts of limits, continuity and differentiabilty.
They all are defined on the basic concept of limit of a function. We have studied various
techniques to evaluate the limits of functions. Even then, sometimes the problem of finding
a limit becomes indeterminate when the established methods fail. In such cases the method
of L' Hospital’s rule is significantly helpful. We also studied how to find the the limit
of a function using numerical methods or graphical evidence. In this chapter, we study
an extremely powerful tool known as L’ Hospital Rule, which is used by many computer

151



program to calculate limits of various type of functions.In this chapter, we shall study an
important application of Cauchy’s Mean Value Theorem to evaluate a certain type of limits,
known as indeterminate forms.

From the previous lesson, we have studied that

lim = Hi%a
Tr—a
g(z)  limg(z)
whenever lim f(x) and lim g(x) exist and lim g(z) # 0.
r—a r—a Tr—a
In this section, we will study a method to evaluate lim% even when lim f(z) =
z—ag(T T—a
lim g(z) = 0. In this situation, limf(x) is said to be of § form, which is one of the
T—a r—a g(x)

indeterminate form.
There are several kinds of indeterminate forms such as

0
—,g,Ox 00, (00 — 00),1%°,0° and oc”.
0" o0

But our main focus will be on 8 and % forms, which are also known as fundamental forms.
All other indeterminate forms can be derived easily with the help of these.

8.3 Indeterminate Form 0/0

Consider ) .
Loxt—4 . sinzx
lim =4, lim
=2 I — z—0 I

=1.

Here, both the limits are example of indeterminate form %. The first limit was easily ob-
tained algebraically just by factoring the numerator and denominator and cancelling out the
common factor (z — 2), but the other limit can’t be obtained directly using algebra. Some
geometrical approach is needed to evaluate it.

However, there are cases of indeterminate forms, where neither geometric nor algebraic
approach work. Therefore, one need to develop some other sophisticated method to deal
these type of situations. Following theorem gives a rule to evaluate 8 indeterminate form.

Theorem 8.1 (L' Hospital’s Rule for g form). Let [ and g be two real-valued functions

such that
(i) lim f(z) = 0 and lim g(z) = 0;
Tr—a Tr—a

(17) f" and g' both exist and they are continuous at x = a and ¢'(a) # 0;

o o f(2)
0 b
Then

exists.




Proof. Let f and g be two real-valued functions such that f and g both are differentiable
and continuous at x = a such that ¢’(a) # 0. Therefore, by the continuity of f and ¢ at
T = a, we have

f(a) = lim f(z) = 0

r—a
and
g(a) = lim g(x) = 0.

r—a

Now, consider

fla) T
g@ . 9ath)—gla)

h—0 h

. fla+h)
m—

. gla+h)
i

. fla+h)

N ilzlg(l) gla+h)
i £®)
r—a g ,’1})

O

This result is known as L’ Hospital’s Rule, which converts the 8 indeterminate form
into a limit involving the derivatives, which is sometimes easier to calculate.

Remark. The above L’ Hospital’s Rule is also valid when x — oo.

In this case, we have

1
lim _f(x) = limf (f) ,
T—00 g(:p) t—0 g (;)
'(3) %
= lim— by using L’ Hospital’s Rule
t—0 g’

f'()

Z—00 g’(x)

. 1
on substituting r = 7

|={er =
~—

~—

o~
M}—‘ l\J}_A

A~ o+
8

exhibits the indeterminate form of the

!/
Corollary 8.1. Suppose the expression lim fz)
T—a g’($)
type % and the function f’ and ¢’ hold all the hypothesis of Theorem 8.1, then the above
result can be extended as:
fl) o f@) o (@)

g hg)  g(a)

One can generalize the above result as follows:
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Theorem 8.2. Suppose [ and g both are real-valued functions such that

(n—1)
lim —f (I)
Mgt (@)

represents the indeterminate form of the type 2 and the functions f ") (z) and g™ (x) hold
all the hypothesis of Theorem 8.1, then we have

ORI A€ B L1 C)
z—a g(gj) z—a g’(m) T z5a g(”) (1‘)

In the following examples, we will demonstrate the I’ Hospital’s Rule using the follow-
ing steps:
Working Rule for I’ Hospital’s Rule

(1) Check whether the lim /(@) is of the form 0/0;
a=ag(r)
(17) Differentiate f and g;
!
(73) Evaluate the lim f/(sc) . If the limit exists then it is be equal to limM.
2=a g (z) —ag(x)
Example 8.1. Evaluate
.ozt —4
lim
=2 r — 2

using L’ Hospital’s Rule.
Solution. Here, we have f(x) = 2* — 4 and g(x) = x — 2 such that

lim(z® — 4) = 0 and lim(z —2) =0

T—2 T—2
Thus, the required limit is an indeterminate form of the type 0/0. Thus, by using L’ Hospi-
tal’s Rule, we have

2_4 4 (g2 -4 2
limm = limM = 1im—$ =4,
=2 ¢ — 2 z—2 %(aj’ — 2) z—2 1

Example 8.2. Using the L’ Hospital’s Rule, evaluate the following limits

) sin 2z
(i) lim ;
z—0 I

ex—l.

b

(“) glclg(l) 3
o . 1—cosx
() Ty —5—

9
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Solution. (i) Here, we have f(x) = sin 2z and g(z) = « such that

limsin2z = 0 = limz
x—0 xr—2

Thus, the required limit is an indeterminate form of the type 0/0. Therefore, by using

L’ Hospital’s Rule, we have
sin 2x I 2cosx

lim = lim
x—0 x x—0 1

= 2.

(71) Here, we have
lim(e* — 1) =0 = lima?®
z—0 z—0

Thus, by using I Hospital’s Rule, we have
.oet—1 . e’

lim = lim =0

a0 T 2—0312

(#7) Consider
lim(1 — cosx) = 0 = lima?

x—0 x—0
Thus, , we have
. 1—coszx . sinz
lim—— = lim .
x—0 ,1'2 x—0 21‘
sin

Here, one can observe that lim
x—0 2x

is of also a 0/0 form. Thus, by repeating the L’
Hospital’s Rule, we get

z—0 21 z—0 2 2 '
Remark. Consider the following limit:
, 2+ —2
lim
e=15x3 — b2 +x — 1

Algebraically, one can easily evaluate that

) 2+ —2 1
lim ==
1523 — b2+ —1 2
by cancelling the common factor (x — 1) from the numerator and denominator.
But, on applying L’ Hospital’s Rule repeatedly, we get
) 224+ —2 ) 2¢ 4+ 1 _ 2 ) 0
lim = lim =lim——— =lim— =
a—1523 — 52 +x —1  2-11522 — 10z +1 2-130x — 10  2—130x — 10
Now a natural question arises, why the answer obtained by using I’ Hospital’s Rule is

different from the answer obtained from the algebraic method?
For this, consider

0

_ 20 +1
lim
z—11522 — 10x + 1
which is obviously not of the form 0/0, therefore the repeated use of L Hospital’s Rule,
without checking the 0/0 form, is absurd. Hence the required limit is

2x +1 241 1

z—>11522 — 10z +1 15—-10+1 2
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In-text Exercise 8.1. . Evaluate the following limits:

. ze® —log(1+ x)
m

(1) li

x—0 .%'2

y

1 — cos x?
Nt .
(@) I a2
e x4+ 22 -3
(797) lim—————
z—122 4+ 31z — 4

8.4 Indeterminate Form oco/oc

Consider the limit
log 2

z—0cot 22

Here, both, numerator and denominator approaches to oo (either +0o or —o0) as = ap-
proaches to 0. Thus, the limit is of the indeterminate form oo /oc.

Here, we provide L Hospital’s Rule, which helps to evaluate co/oo type of indetermi-
nate form.

Theorem 8.3 (L" Hospital’s Rule for co/oco form). Let f and g be two real-valued functions
defined on an closed and bounded interval such that

(1) f and g both are differentiable on an open interval about x = a except possibly at
x = ay

(73) limf(x) = oo = limg(x);

r—ra T—ra

o ()
0 1

exists;

then, we have
!
L f@) S
z—a g x) T—a g’(:p)

Note. The above theorem also holds in case of a limitas x — a~, x — a™, x — +00 or as
/

x — —oo as well as for f(z) - —oc and g(z) — —oco. If lim ) is again of the form
x—>ag X

/
22, then we continue the process by applying L’ Hospital’s rule to lim f,éxi .
z—>ag €T

Now, we will illustrate the above theorem with the help of examples.
The working rule is similar to as that for % form.

2

1
Example 8.3. Evaluate lim 08T
z—0cot 2
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Solution. Here

lim log 2% = oo and lim cot 22 = 0o
z—0 z—0

Thus, the required limit is of the form oo /oo. Therefore, by applying L’ Hospital’s rule, we
have

. loga? 221
lim 5 = hmﬁ
z—=0cot x z—0—2x csc? x
li 1
= lim
x—0x2 csc? x?
. sina?
= —lim
z—0 12
=1
. logx
Example 8.4. Evaluate lim .
z—0+ CSCT

Solution. Here, we have f(x) = log x and g(z) = csc x and the limit of the numerator and
denominator are respectively —oo and +oco. Thus, we have an indeterminate form of the
type oo/oc. Therefore, by applying L’ Hospital’s Rule, we have

log x 1

lim = lim —&%—— (8.1)
z—0T CSC L z—0t —cscx cot o

The limit in Equation 8.1 is again of the indeterminate form of type co/oc. However,
repeated use of L Hospital’s Rule for this gives us the power of 1/z in the numerator
and expressions involving csc x and cot x in the denominator which again generates new
indeterminate form. Therefore, from this point, one must use another methods (algebraic
or geometrical one) to solve this. Thus, after simplification, Equation 8.1 can be written as

. sinx . sinz .
lim ( — tanz | = — lim . lim tanz =—-1.0=0
r—0t xT =0+t X r—0t

Thus, we have

. logx
lim

z—0T CSCT

=0.

n

Example 8.5. Evaluate lim x—x, forn € N.

T—00 €

Solution. Consider f(z) = 2" and g(z) = ¢”. Here

n

™. 0
lim — is of the form —
r—00 €
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On repeated use of L’ Hospital’s Rule, we have

) n ) nmn 1
lim — = lim
r—o00 €% rz—oo0 e~T
. n(n—1)2" !
= lim
T—00 et

nn—1)(n—2)...3.2.1

In-text Exercise 8.2. /. Evaluate the following limits:

(@) lim < ;
e

(b) lim logg, , sin 2x;
z—0

log tan x

(c) lim

z—1log tan 2z

8.5 Indeterminate form 0.co and co — oo

Consider the limit

lim zlnx
z—0t

Here, it is of the form 0.00, as lim z =0 and lim z = —oo. These two limits exert
z—0t z—0t

conflicting influences on the product.

Indeterminate form of the types 0.co can be manipulated by rewriting the product as of
the form either 0/0 or co/oo and then can be solved by using L Hospital’s Rule.

Let f(z) and g(x) be two real valued functions such that

lim f(z) =0 and lim g(x) = o0
r—a Tr—a
then
lim f(z).g(x) = 0.00

T—ra

form. Then, we can write

lim f(x).g(x) = lim /(z) or lim @
T—a T—a —— rT—a ——
g(x) f(@)

which are % and 22 forms respectively and can be evaluated by I’ Hospital’s Rule.
Example 8.6. Evaluate

lim (1 —sinx)tanx
T—7/2
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Solution. Here, we have f(z) = 1 —sinz and g(x) = tanx, as x — 7/2, the given project
leads to 0.co form. Hence, we have

1
lim (1 —sinz)(tanx) = lim SO <9>

z—7/2 z—7/2  tanx 0
—CoS X
=1l by L Hospital’s Rule
z—lgl/z csc2x (by pt ule)
=0.
Example 8.7. Evaluate
lim zlnz
z—0+

Solution. Here, the required limit is of the form 0.c0. Thus, we can evaluate the limit by

two different ways:
. Inz ) T
lim — or im ————
z—0+ 1/x =0+ 1/Inx
Here, first one is indeterminate form of type co/oco and the second one is of 0/0.

We will apply the first form to evaluate the same. Therefore

) . Inzx
lim zlnz = lim —
20+ es0t 1/x

_ m YE
z—0t —1/.7}2
— lim (—
()
= 0.

A limit which leads to one of the following forms

(+00) = (+00),(=00) = (—00)
(+00) + (=00),(=00) + (+00)

is known as indeterminate form of the type co — co. Such limits are indeterminate form
because of the fact that the two terms exert conflicting influences on the expression, in
which one leads the term to extreme positive direction and the other one leads the same in
the extreme negative direction.
Let f(x) and g(x) be two real valued functions such that
lim f(z) = o0 and lim g(x) = oo

T—ra T—ra

then

lim (f(z) — g(x))

r—ra
is of the form oo — co. Then, we write
1

lim (f(2) — g(x)) = lim L2 I

r—a Tr—a m

which is of the form % form and can be evaluated accordingly.
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Example 8.8. Evaluate
. 2 1
lim | cot”x — —
z—0 €

Solution. Consider f(z) = cot?x — -5, as © — 0, then f(z) approaches to oo — oo form.
Then, we have

. 9 1 o x%cos?r —sin’x 0
lim (| cot“z — — | = lim —5 — form
z—0 2 z—0 z2sin” x 0
C x%cos?r —sin®r  x? 0
= lim — — form
z—0 x4 sin® x 0
o 2%cos?r —sin’x (0
= lim — form
x—0 .T4 0
_ limx2(1+0082x) — (1 — cos2z) (9 form
x—0 2[[’4 0
. 2?4 (2?2 +1)cos2z — 1 (0
= lim — form
x—0 2:L‘4 0
. 2w+ 2xcos2x — 2(z% + 1) sin 2z 0
= lim — form
x—0 81’3 0
. 24 2cos2x — 8xsin 2z — 4(z* + 1) cos 2z 0
= lim — form
z—0 2472 0
—4sin 22 — 8sin 2z — 24x cos 2x + 8(2% + 1)sin2x [0
= lim — form
z—0 48% 0
_ i —48 cos 2z + 64 sin 2x + 16(2? + 1) cos 2z
a0 48
48416 2
48 3

Example 8.9. Evaluate

. (1 1 )
lim ( — — —
=0T \ & sinxzx

Solution. Here, both the terms tends to oo, therefore the required limit is of the form
00 — 0o, which can be rewritten as follow:

) 1 1 . sinx —«x
lim (—— ) = lim ———

=0t \z sinzx z—0t T sinT

The new modified limit is an indeterminate form of the type 0/0. Thus, after repeated use
of L’ Hospital’s Rule, we will get

. sinzx —=x . cosx — 1
llm ——=lim —m8M8M
z—0t TsSInx z—0+t SIN X + T COS T
. —sinx
= lim -
z—0+t COST + COST — xrsInx
0 0
2
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In-text Exercise 8.3. 1. Evaluate the following limits
) 1
(a) lim <Secx — —)
=T 1 —sinx

. 2 1
(b) alcl—%(xz—l_x—l)’

(c) lim (:Etanm — Esecx)

8.6 Indeterminate Forms 0°, oo’ 1

Consider
lim (1 +2)*.

x—0

The value of the above mentioned limit is e but it is an indeterminate form of the type 1°°.
It is because of the fact that as = approaches to 0, the expression 1 + x tends to 1 but 1/z
approaches to oo, both exert two conflicting influences.
Thus, the limit
lim f(z)9@)

r—a

is of the form 0° or co® or 1°°.

when lim f(z) = 0, 1 or co and limg(z) = 0, 0o or 0.
T—a Tr—a

To evaluate such limits, we write

y = f(x)"”
= logy = log f(x)g(:”)
Therefore lim logy = lim g(z) log f(z)
Tr—a r—a

Now, the limit in the RHS is of the form 0.co when limg(x) = 0 and lim log f(z) = oo.

T—ra r—a

This can be evaluated by using L.” Hospital’s Rule.
Let us consider

lim g(z) log f(z) =1

limlogy =1

r—a

loglimy =1
T—a
limy = ¢
T—a

Hence, we have
lim f(x)g(x) =¢l

r—a
Example 8.10. Evaluate
lim(1 + sinz)Y/*

x—0
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Solution. The required limit is of 1> form. Let
y = (1+sinz)"/*
Taking logarithm on both sides, we get
logy = log (1 + sinz)"/"

1
= —log(1 + sinx)
x
~ log(1 +sinw)
B x

Thus, we have

log(1 i
lim logy = lim 281+ $m2)
x—0 x—0 X

which is of the form 0/0. Therefore, by applying L Hospital’s Rule, we get

log(1 i
lim logy — lim 281+ s )

z—0 z—0 €T
_ mcosx/(1+81nx)
z—0 1

Hence, we get logy tends to 1 as x — 0 and by using continuity of exponential function,
we have
e8Y — elasaz — 0

Therefore,

lim(1 + sinz)/* = e
z—0

Example 8.11. Evaluate

lim (sinxz)™"
x—7/2

Solution. Let

y = (SiIl x)tana:

Thus, taking logarithm on both side, we get

)tanx

logy = log (sinx
= tan z log(sin x)

lim logy = lim tanzlog(sinz)
x—7/2 x—7/2

. logsinz
= lim
z—7/2 cotx
cos T

= i
xj};l/Q sin x(— csc? x)

=0.

162



Thus, we have
lim logy =0= lim y=¢"=1

z—7/2 x—m/2

Hence, we get
lim (sinz)™* =1
x—/2

In-text Exercise 8.4. 1. Evaluate

(a) limx®;
z—0

(b) lim (Qx + 1>1/$

z—0 :L'—l—l

8.7 Summary

In this chapter, we have covered the following:

1. I Hospital’s Rule for 3 form

Let f and g be two real-valued functions such that
(7) lim f(z) = 0 and lim g(x) = 0;
Tr—a Tr—a
(74) f’ and ¢’ both exist and continuous at x = a and ¢'(a) # 0;

i) 1im? )
) @)

Then

exists.

flx) _ fle)

e (o)

2. Working Rule for L’ Hospital’s Rule

(i) check whether the limit of f(x)/g(x) is of the form 0/0;
(71) differentiate f and g;

(77i) evaluate the limit of f'(x)/¢'(x). If the limit exists then it should be equal to
the limit of f(z)/g(x).

8.8 Self-Assessment Exercises

1. Evaluate the following limits in indeterminate forms:

x

(a) lim—
z—0 SIn T

i
(b) lim—2L.
x—0 I

b
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(h) lim (tanz)™*";
x—7/4

8.9 Solutions to In-text Exercises

Exercise 8.1

1. Consider f(z) = xe” —log(1 + z) and g(x) = x*. One can easily observe that as x
tends to zero, f and g both tends to zero. Thus, the given limit is a 0/0 indeterminate
form. Thus, by applying L’ Hospital’s Rule, we get

flx) . [(=)

Mg@) ~ by (a)
e* + re* —
= lim Lo
x—0 2,27

e®(2 + ) + (Hlx)Q

= lim
x—0 2

2. Consider f(z) = 1 — cosz? and g(z) = x*sinx?. As x tends to zero, f and g both
tends to zero. Thus, we have 0/0 indeterminate form. Hence

limf(x) = lim f'(z)

e=0g(x)  2—0g'(2)

) 2 sin a2 0 )
= lim - — Indeterminate form
z—02x3 cos 12 + 2z sin 22 0

" 422 cos 22 + 2 sin 22 0I determinate f
= lim — Indeterminate form
z—01022 cos 2 + 2 sin 2 — 42 sin 22 0

_ 122 cos £ — 8x3 sin 22 0 )
= lim 0 Indeterminate form

=024 cos 12 — 8x° cos 12 — 3623 sin 12
12 cos 22 — 162% cos 22 — 4822 sin 22
im i .
t—024 cos 2 — 11224 cos 22 — 15622 sin 2 + 1626 sin 22
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3. We have f(r) = z?+ 2z — 3 and g(x) = x® + 3z — 4. Here, both f and g approaches
to zero as x tends to 1. Thus, the given limit is of 0/0 indeterminate form. Therefore,
by using " Hospital’s Rule, we have

/
G R 4 C))

z=0g(x)  =—0g'(x)

20+ 2
= lim
z—=02x + 3
_4
5

Exercise 8.2

1. Here, we have f(z) = e® and g(z) = x3. As x tends to oo, the given limit becomes
o0 /oo form. Thus, by applying I’ Hospital’s Rule, we get

x er 00
lim — = lim (— Indetermiate Form)
T—00 x?’ T—00 3LL‘2 o0
e’ 00 )
= lim — (— Indetermiate Form)
z—00 0T 00
. e
= lim —
z—00 O
=00
— : __ logsinx .
2. We have f(z) = log, , sin 2z = Toaain 7 Now, consider
log sin x

z—0 log sin 2z

which is of co/oo form. Thus, by applying L’ Hospital’s Rule, we get

log sin « cotx 00
& 1 <— Indetermiate Form)

——— = lim
z—0logsin2x  «—=02 cot 2z 00

2
. —csctx 00 )
=lim—— <— Indetermiate Form)
z—0—4 csc2 2x 00
= lim cos® z
x—0
=1.
3. We have
log tan = , L_2sec? 2z 00 .
im—e T tawf— <— Indetermiate Form)
z—0logtan 2z 2—0 ——sec’x 00

2sin 2
= lim §1n < (g Indetermiate Form)
z—0 sin4x 00
4 cos 2x

m
z—04 cos 4x
=1.
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Exercise 8.3

1. We have |
lim (secx — —)
a2 1—sinz

As x — 7/2, the required limit is of co — oo form. After simplification, we have

) 1 . 1—sinxzcosx .
lim ( sect — —— | = lim : (0o — oo Indetermiate Form)
T 1 —sinz e—Tcosx(l — sinx)

—cosz +sinx

= lim 5 . . (0o — oo Indetermiate Form)
e—»Tcos?r — (1 —sinz)sinx

: cosT + sinx .
= lim . . (0o — oo Indetermiate Form)
T —cosz(l —sinz) + 3cosxsinz

cosx —sinx

lim 5 - : —
e—»24cos?r + (1 +sinx)sine — 3sinz

2. Consider

1 1 2—z—-1
lim ( 5 - ) = lim <L) (0o — oo Indetermiate Form)
x

3. We have

2esine — 7

lim (x tanx — g sec x) = lim < > (0o — oo Indetermiate Form)

s =T 2cosw
2rxcosx + 2sinz
= lim + (0o — oo Indetermiate Form)
=T —2sinx
_ 5cos (5) +2sin (5)
—2sin (%)
= —1.
Exercise 8.4
1. Consider
y=a"

Taking log on both sides, we have

logy = log x*
logy = xlogx
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Thus, we have

limxlogx =0
z—0

Therefore, lim logy = 0 and
z—0

limy =€ = 1.
z—0

_[(2z+1 Lz
v= ( rz+1 )
Taking log on both sides, we have
logy = 1 <log (21} + 1))
T r+1
_ log(2z +1) log(z +1)
N x B T

2. We have

Thus, we have

log(2z +1) 1 1 i
lim ( og(2z +1) — og(w + )) = lim (—QIH - x+1> (0o — oo Indetermiate Form)
z—0 T T z—0 1 1

B aclgtl)(:v +1)(2x + 1)
=1.
Hence, we have

limy=e'=e
z—0
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Lesson - 9

Concavity And Asymptotes

Mr. Sanyam Gupta
Assistant Professor
Ramanujan college
University of Delhi

Structure

9.1 Learning Objectives

9.2 Introduction

9.3 Concavity

9.4 Point of Inflection

9.5 Asymptotes
9.5.1 The formal definition of an Asymptote

9.6 Types of Asymptotes
9.6.1 Type-I: Asymptotes Parallel to the x-axis or Horizontal Asymptotes
9.6.2 Type-II : Asymptotes parallel to the y-axis or Vertical Asymptotes
9.6.3 Type-III : Oblique Asymptote
9.6.4 Type-1V : Parallel Asymptotes

9.7 Special Case when Asymptotes do not exists.

9.8 Summary

9.9 Self Assesment Exercises

9.10 Solution to In-Text Exercises

9.1 Learning Objectives

To understand the concept of increasing and decreasing functions.

To understand concave up and concave down curves (functions).

To learn technique to examine concavity

To learn about a point of inflection and method to find it.

To learn about asymptotes of a curve.
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* To study the techniques to obtain different type of asymptotes .

9.2 Introduction

We have learned that the graph of a function f shows where the slope is increasing or
decreasing depending on the sign of the derivative of f. We can see from definition that
when f is defined on an interval, x; and xs signify the points in the interval, if f(x;) <
f(x2) then f is increasing, if f(z1) > f(x2) then f is decreasing and f is constant on the
interval if f(z1) = f(z2) . But this definition does not explain the direction of curvature.
Now we will study about the curvature of a graph.We are interested in the graph of f or
the shape of the graph of a f. In this section, we will study the graph and develop the
mathematical tools for graph using the derivatives of the function. In this lesson we will
discuss all those tangents of a curve who touch the graph at infinity. These are tangents
of special nature, known as asymptotes. There are four main types of asymptotes. This
section also explain how to find these asymptotes for a given curve.

9.3 Concavity

Definition 9.1. If f is differentiable on an open interval I then f is said to be concave up
on I, if f is increasing on I, and f is said to be concave down on I if f” is decreasing on I.

Remark. 1. If tangent line of function f at a point x = c lies below the graph then it is
concave up at x = c.

2. If tangent line of function f at a point x = c lies above the graph then it is concave
down at a point z = c.

3. If the tangent line of f has rising slopes on an open interval then f is concave up;
otherwise f is concave down.

¥ Concave up ¥ Concave down
N A

x
— &

1 2 3 4

4321 %1 2 3 4

Figure 9.1: Concave Up function Figure 9.2: Concave Down function
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Figure 9.1 shows the graph of concave up function and Figure 9.2 shows the graph of
Concave down function.

Theorem 9.1. Let f be twice differentiable on an open interval I.

a) If f"(x) > 0 for every value of x in the open interval I, then f is concave up on L.

b) If f"(x) < 0 for every value of x in the open interval I, then f is concave down on I.

Example 9.1. If f(z) = z? — 42 + 3, then find the interval where it is concave up and
concave down.

Solution. We have, f(z) = 2° — 42 + 3

Hence f(x) is concave up on (—00, 00)
Example 9.2. If f(z) = 23, then find the interval where it is concave up and concave down.

Solution. We have f(z) = x*

= f/(z) = 32*
= ["(z) =6z

Therefore, f(x)=0
= 6x =0
— xr = O

Casel:z € (—00,0)

f'(x) =62 <0
— [ is concave down on the interval (—o0, 0)
CaseIl: x € (0,00)

f"(xz) =6z >0

—> fis concave up on the interval (0, c0)

9.4 Point of Inflection

We have seen in Example 9.2 that the concavity changes at the point z = 0. That is on
right hand side of = 0 the graph f(x) = 2® is concave up and on left hand side it is
concave down. Points where a curve changes its concavity are the points of inflection.
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Figure 9.3: f(z) = 23

Definition 9.2. If f is continuous on an open interval containing a point z, and if f changes
the direction of concavity at the point (g, f(xo)), then we say that f has a point of inflection
at zo. The point (zo, f(x()) on the graph of f is the point of inflection point of f. It can be
noted that the any tangent line crosses the curve at a point of inflection.

|

/
/
/

/

*QO/ F6>0
A N\ Concave-Up

Figure 9.4:

fx)<0
Concave-Down

Al—— — —

In Figure 9.4 we can see that = c is an inflection point.

Example 9.3. Find inflection point for the function
f(z) =2 — 32% + 2
Solution. We have, f(z) = 2% — 322 + 2

= f'(x) = 32% — 6,
f"(x) =6x—6="6(x—1)

Therefore,

fla)=0 = 6(z—1)=0
r—1=0,
— =1

Casel: If x < 1. Then

f"(xy=6(x—1) <0
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—> f is concave down in (—oo, 1).
CaselIl : If x > 1. Then

f"(xy=6(x—1)>0

= fis concave up in (1, 00).
Since, f changes its behaviour from concave downward to concave upward ar x = 1. There-
fore x = 1 is an inflection point.

Example 9.4. Find inflection point for the function
f(z) =2z + 3sinz
Solution. We have, f(z) = 2z + 3sinx

— f'(z) =2+ 3cosz,
f"(z) = —3sinx

Therefore,

f'(x) =0 = -3sinz = 0,
sinx =0
— v =0,7,27

Casel: O<zx<m
f'(z) = =3sinz <0

— f is concave down in (0, 7).
Casell: 7 <z <27

f"(x) = =3sinx >0

—> fis concave up in (7, 27).
Hence, © = 7 is an inflection point

Example 9.5. Find inflection point for the function.
flzx) =241
Solution. We have, f(z) = 2% + 1

f'(x) = 42
= f"(z) =122

Therefore,

f"(z) =0 = 12x2 =0
= =10

Casel: = < 0. Then
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[(xy =122 >0

— fis concave up in (—o0, 0).
Casell: z >0

f(xy =122 >0
— fis concave up in (0, 00).

Since, f does not change its behaviour at = = 0, therefore x = 0 is not a point of inflection
Hence,There is no inflection point.

In-text Exercises 9.1

Search the open intervals where f is concave up and concave down. Additionally, identify
each x-coordinates of inflection points.

1. f(x)=2*—3z+8
2. f(z)=(2x+1)*
3. f(z) = 32* — 423

4. f(x):m

9.5 Asymptotes

A straight line that continuously approaches a specific curve but does not intersect it at any
finite point is called an Asymptote. That is, an Asymptote, is a straight line which touches
the curve at infinity.

Figure 9.5:
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9.5.1 The formal definition of an Asymptote

A straight line is called an asymptote of the given curve, if the distance between the curve
and the line approches to zero as x and y coordinates tends to infinity.

9.6 Types of Asymptotes

9.6.1 Type-I: Asymptotes Parallel to the x-axis or Horizontal Asymp-
totes

Working Rule: A horizontal asymptotes or the asymptotes parallel to x-axis are determined
equating zero to the coefficient of highest power of x, provided this coefficient is not a
constant.

Figure 9.6: Horizontal Asymptote

Example 9.6. Find a asymptote, parallel to the axis of x, of the curve x?y+2zy+y+1 = 0.

Solution. y=0 is the asymptote parallel to the x-axis as the coefficient of the highest power
of z in y.

Example 9.7. Find a asymptote, parallel to the axis of x, of the curve 3y* + 22y 4 2zy? —
4r? +4x + 2y +1=0.

Solution. (y> —4) = 0= y? =4 = y = +2, as the coefficient of the highest power
of viny? — 4
Hence y = 2 and y = —2 are the two asymptotes parallel to the x-axis.

9.6.2 Type-II : Asymptotes parallel to the y-axis or Vertical Asymp-
totes

Working Rule: A vertical asymptotes or the asymptotes parallel to y-axis are determined
equating zero to the coefficient of highest power of y, provided this coefficient is not a
constant.
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Figure 9.7: Vertical Asymptote
Example 9.8. Find a asymptote, parallel to the axis of y, of the curve
3+ 2%y? — a?(2? + y?) = 0.

Solution. Since the coefficient of highest power of y is 22 — a?, therefore we take 2% —a? =
0= 2°=0d®> = z=2a
Hence, © = a and = —a are the two asymptote parallel to the y-axis.

Example 9.9. Find a asymptote, parallel to the axis of y, of the curve 2%y + a®xy? + 2zy +
2r+y+1=0.

Solution. Since the coefficient of highest power of y is a?z, therefore we have a?z = 0 =
z=0
Hence, z = 0 is the two asymptote parallel to the y-axis.

9.6.3 Type-III : Oblique Asymptote

When x moves toward co or—oo, the curves moves towards a line y = mx + ¢, then this
line y = mx + cis called Oblique Asymptote.

Figure 9.8: Oblique Asymptote

Working rule for finding Oblique Asymptotes
Method I:
Step 1 : Put mx + c at the place of y in the equation.
Step 2 : The coefficient of two highest power of x should be equal to 0.
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Step 3 : Determine m and ¢ from the equations getting in Step 2, say (my,¢1) , (ma, ¢2) ,
(m37 03) 5 een

Step 4 : Now we get the asymptotes

Y = Mmix + C1, Yy = Mok + C2, Yy = M3T + C3, ...

Method II:

Step 1 : Put y = m and x = 1 in the highest degree term and getting a polynomial in m
say ¢, (m).(n represent the degree of polynomial).

Step 2 : Put ¢,,(m) = 0 and find the values of m, say my, msg, ms,...

Step 3 : Put y = m and = = 1 in the second highest degree term and getting a polynomial
in m say ¢,_1(m).(n represent the degree of polynomial)

Step 4 : Find the values of ¢ from the formula

¢n—1(m)

C=——F7—=

Pn(m)

say ¢y, Ca, C3,...corresponding to mq, ms, Mma,...
Step S : Now we get asymptotes

Yy =nmix + cy,
Y = MoZ + Co,
Y = Mm3x + C3

Example 9.10. :Find the asymptotes of
23+ 2%y — ay® — 2% Fay —yf =2

Solution. Putting z = 1 and y = m, in the highest degree i.e. 3rd and second highest
degree i.e. 2nd degree terms in given equation, we get

d3(m) =1+2m —m? —2m3;,  ¢o(m) =m —m?

Then the slopes of asymptotes of given equation will be given by

¢p3(m) =0 ie.14+2m—m?—2m3> =0

or (1 —m)(1+m)(1l+ 2m) =0 whence m=1,-1,-1/2.

Now ¢4(m) =2 — 2m — 6m? = 2(1 — m — 3m?)

Then ¢ = — 22000 = sy =iy = 0,—1,1/2

for m=1,-1,-1/2 respectively. Hence the required asymptotes are

y=z, y+x+1=0, and 2y+zx=1

9.6.4 Type-IV : Parallel Asymptotes

When we get two real equal values of m from the equation ¢,,(m) = 0, say m; = ms = m
and if ¢/,(m) = 0 and ¢,,_1(m) = 0, then the curve will have two parallel asymptotes.
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Figure 9.9: Parallel Asymptote

Working rule for finding two prallel asymptotes :

Step 1: Put y = max + c at the place of y in the equation.

Step 2 : The coefficient of highest power of x should be equal to 0 and get the equation in
m and say ¢, (m) = 0.

Step 3 : Solve the equation ¢, (m) = 0 and find the values of m.

Step 4 : If any value of m from Step 3 makes the coefficient of second highest degree of
x (i.e. 2" 1) is zero, then the value of ¢ should be calculated using the equation created by
substituting the coefficients of 2! equal to zero.

Then, y = mx + c is an asymptote

Example 9.11. Find the asymptotes of 3® + 2%y + 2xy*> —y + 5 = 0.

Solution. Putting y = mx + c in the above equation, we have

(mx + ¢)® + 2%(mz + ¢) + 2z(mz + ¢)?* — (mx +¢) +5=0

or z3(m® + m + 2m?) + z(3m?c + ¢ + 4mc) + x(3mc® + 2¢ — m) + ... = 0.

Equating to zero, the coefficients of 2 and z?%, we get

m3 4+ 2m? +m = 0 and (3m? + 4m + 1)c = 0.

m2+2m?+m =0 = m =0,—1,—1If m = 0, the equation with second higest degree
of x gives ¢ = 0

If m = —1, the second equation reduces to 0.c = 0. In such case, equating the coef-
ficient of the next highest power of = to zero ( or by finding ¢”(m) ¢,_2(m)), we get
(3m 4 2)c — m = 0. From this equation we get ¢ = 1 when m = —1.

Now we get the asymptotes

y=0,y=-r+1, y=-r-1

Example 9.12. Find the asymptotes of the cubic curve
v — bry? + 8xy — 43 — 3y* + 9ry — 622 + 2y — 20 — 1 = 0.

Solution. Putting y = mx + c in the equation, we obtain
(mx + ¢)® — bx(mz + ¢)? + 8x%(mx + ¢) — 4% — 3(mx + ¢)® + 9x(mz + ¢) — 622 +
2(mx 4+c¢) —2x =1
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or z3(m® — 5m? + 8m — 4) + z*(3m?*c — 10mc+ 8¢ — 3m* + 9m — 6) + ..... = 0
Equating to zero, the coefficients of 2% and z?, we get

m3 —5m? +8m —4 =0,and (3m? — 10m + 8)c — 3m? +9m — 6 = 0.

The first equation gives m = 1,2, 2

If m = 1, then the second equation gives ¢ = 0. Hence, the corresponding asymptote is
Y=z

If m = 2, the second equation reduces to the identity 0. ¢ + 0 = 0. Therefore, to find c,
equate the next lower coefficient (of x) to zero in equation (1). This gives

3mc? — 5¢% — 6me + 9¢ + 2m — 2 = 0.

Putting m = 2 in this, we get

2—3c+2=0o0r c=1 or 2.

So, for m = 2, there are two parallel asymptotes y = 2x + 1 and y = 2z + 2

Hence the asymptotesare y =z, y =2x+ 1 and y — 2z + 2

In-text Exercises 9.2

Find the asymptotes of the following curves :
) 23+ 22% —ay? =20 + 42 + 22y +y—1=0
2) 23+ 22%y —ay? — 2 + 3P+ 3y +r+1=0
3) 22% + 3a%y — 3xy? — 2y° + 322 — 3y  +y =3
4 2+ 3vy +y*+2r+y=0
5) &+ 5=
6) y2(a® — 22) = 2
7y 228 + ¥y = 2% 4 B
8) xy® +3y =a’
9) (23 + a®)y = ba?

10) Prove that the four asymptotes of the curve 2y? — 2%y — 2y?> + 2 +y + 1 = 0 form
a square.

9.7 Special Case when Asymptotes do not exists.

When we put mx + c at the place of y in the curve and after equating the coefficient of the
highest power of x (i.e. ™) to zero, we get the equation in the variable m say ¢, (m) = 0.
Solve the equation and find the values of m. If ¢/, (m) is zero but the second highest coeffi-
cient of z (i.e. 2"~ 1) is not zero for one or more values of m, then we can say that the curve
has no asymptotes or asymptotes might not exist.
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Example 9.13. Find the asymptotes of the curve y? = .

Solution. Putting y = mx + c in the equation, we obtain

(mz+c)?=x

— (mx+c)? —x =0

Equating the zero, the coefficients of z ?and z, we get

m? =0and 2mc—1=0

The first equation gives m = 0

If m = 0, then the second equation gives —1 = 0, which is not possible, hence, y* = x has
no asymptotes.

9.8 Summary

1.

2.

10.

11.

12.

The concept of concavity of the function.

A function f has a point of inflection at z = x if the curve y = f(z) changes its
behaviour from concave upward to concave downward or from concave downward
to concave upward, as x passes through z

. A function f is concave up if f’ is increasing.

A function f is concave down if f’ is decreasing.

. A function f is concave up on L'if f”(x) > O forall z € I.

A function f is concave down on Tif f”(x) < O forall z € I.

. A point x4 on an open interval I is inflection point if f is concave up on one side and

concave down on other side on the point x.

. A straight line at a finite distance from the origin to which a tangent to a curve tends

as the distance from the origin of the point of contact tends to infinity, is called an
asymptote of the curve.

. When x moves to co or —o0, the curve approaches to b, then y = b is called horizontal

asymptote.

When x— > a from left or right, y— > oo or y— > —oo,then x = a is called Vertical
Asymptote.

When z— > oo or x— > —oo from left or right, y— > max + b,then y = mx + b is
called Oblique Asymptote.

Condition when the asymptote does not exist, ¢/, (m) = 0 but of second highest
coefficient of x (i.e. " 1) is not zero for one and more value of m.
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9.9 Self Assesment Exercises

Find the asymptotes of the following curves :

) flz)=vVa2+z+1

2) f(z) = (xF —1)?

3) f(z) =sinx —cosz; [~
4) f(z)=1—tan(3); (—m,m)

5) f(z) = (sinz + cosz)?; [~ 7]

6) 42° — 2%y —day® + P + 322 + 20y — > =7

7 y? —6xy? + 112%y — 622 +y+2=0

8) v —ay? +2y* +4y+ 2 =0

9) 32 + 22%y — Tay? + 2y + Ty? — lday +4x +5y =0
10) 2* + 2%y —ay> — > -3z —y—1=0

1) B3+ 2%y—ay? —yP+ 22—y —2=0

12) 423 — 3z — P —ay — > =1

13) 234+ 322y -4y —2+y+3=0

14) 2% — 522y + 8xy? — 43 + 22 —3zy + 22 —1=0

15) 223 — 2%y — 22y + 3 —4a? + 8y —4dx +1 =0

9.10 Solution to In-Text Exercises

Exercise 9.1

1. Concave up : (—o0, 00)
Concave down : None
Inflection Point : None

2. Concave up : (—3,00)
Concave down : (—oco, —3)
Inflection Point : —3

3. Concave up : (—00,0), (2,00)
Concave down : (0, 2)
Inflection Point :0, %
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4. Concave Up : (0, 4_2¢6), (4+\/6

Concave Down : (—o0, 0),
Inflection Point : 0, #

Exercise 9.2

Drx+y=1, 2—y+1=0, x4+2y=0

) z+2y=1, y=x+1, z+y=0

Ny=z, y+2r+1=0, v+2y+1=0

4) 3z +1=0

S )y=+—a, xt=+—-0>
6) r=+—a
Ny=+—-1, r=+-—-1
8 y=0, x=0

N y=>b, r=—a

Solution of Self Assessment Exercises

1) Concave Up: (—2,1)

Concave Down : (—o0, —2), (1, 00)

Inflection Point : —2, 1

2) Concave Up: (—00,0), (0,00)
Concave Down : None
Inflection Point : None

3) Concave Up: (—3% T)

4) Concave Up : (—,
Concave Down : (0, 7)
Inflection Point : 0

5) Concave Up: (—7,0), (5,7)
Concave Down : (—,
Inflection Point : 0, +

7 y=z y=22 y=3x

8 y=0, r—y=1, z+y+1=0
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Ny—a+g, y—3x+3=0, 2y+x+3=0, 106y — 381z +105=0
10)y=2, y=—2x—-1, y=—a+1

IHy=2, y=—2, y=—x—1

12y y=2, y=—2z, y=—2r—1

3)y=2, 2y=—2+1, 2y=—-—2-1

4) y=2, 2y=z, 2y=a+1

5 z2+y=2, x—y+2=0, 2r —y=4

182



Lesson - 10

Curve Tracing

Mr. Sanyam Gupta
Assistant Professor
Ramanujan college
University of Delhi

Structure

10.1 Learning Objectives

10.2 Introduction

10.3 Criterion for Curve Tracing

10.4 Tracing of Polynomial and Rational Functions
10.5 Tracing of Functions in the form y? = f(x)
10.6 Tracing of Curves in Polar Forms

10.7 Summary

10.8 Self Assessment Exercises

10.9 Solution to In-Text Exercises

10.1 Learning Objectives
1. To learn the basic criterion for tracing a graph.
2. To trace graph of functions in x — y coordinates.

3. To trace the graphs in polar coordinates.

10.2 Introduction

In previous sections, we have discussed about the concavity of functions and asymptotes. With
the help of derivative we can also find that where the function is increasing , decreasing and
find the extremum value of function. In this section, we will try to trace the curves with
these information’s, we will discuss procedures for tracing polynomials, rational functions
and polar equations.
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10.

3 Criterion for Curve Tracing

Following steps (points) are considered for tracing a curve:

—_—

2.

10.

. To obtain the domain of the function.

(Symmetries) To find the symmetries of the function. Check that the graph is sym-
metry about the y-axis or the origin.

(x and y intercept) To find the points of intersection of the curve with coordinate axes.
Identify all those points where graph intersects x and y-axis.

To find the points of maxima or minima of the function using first and second deriva-
tive.

. To check the monotonicity (incressing or decressing) of the function using first deriva-
tive.

To check the concavity of the curve (function) using first and second derivative..
To find the points of inflection, if any.

. To find the asymptotes of the curve, if exits.(Vertical Asymptote) Identify all the
values of x after putting the denominator equal to 0. At each of these values the
graph has vertical asymptote. (End Behaviour) Check the behaviour of f(x) when x
tends to co and —oo. We get any finite value of f(z) (say 1) the y = [ is horizaontal
asymptote.

Check the sign of any function on any open interval by choosing any point from that
interval and find the value of tht function on that point.

4 Tracing of Polynomial and Rational Functions

Example 10.1. Sketch the graphof y = 2> — 1,z € R

Solution. Symmetries : Replacing x by —z in the given equation, we have

(—z)P—1=22-1=y

Since, the equation does not change, so the graph is symmetric about the y-axis.

x and y intercepts : Substituting y = 0 in the given equation, we get



Therefore the function will intersect z-axis at 1 and —1.
Substituting z = 0 in the given equation, we get y = —1
Therefore the function will intersect y-axis at —1.

Vertical Asymptotes : There is no fuction of z in the denominator, so there is no ver-
tical asymptote
Sign of y : The sign of y can change at the point x = —1, 1. Hence x-axis divides into 3
open intervals.

Table 10.1:
Interval ‘ Sign of y

(—o0, —1) | Positive
(—1,1) Negative
(1,00) Positive

End Behaviour : lim, ... 2> — 1 = c©
lim, , w2?—1=00
hence, there is no horizontal asymptote.

Derivative :
fla)=2® -1
f'(x) =2z
f'(x) =2
flz) =0
= r=—-1,1
Table 10.2:
Interval | Sign of f’(z) | Increasing/Decreasing
(—o00, —1) Positive Increasing
(—1,0) Positive Increasing
(0,1) Negative Decreasing
(1, 00) Negative Decreasing

= The curve is increasing in (0, c0) and decreasing in (—oo, 0)
flz) =0 = 22 =0 = =0
— The tangent to the curve at the point x = 0, is is parallel to x — axis.

Table 10.3:
Interval | Signof f“(z) | Concavity
(—o0,—1) Positive Concave Up
(—1,0) Positive Concave Up
(0,1 Positive Concave Up
(1,00) Positive Concave Up

= The curve is concave upward in (—o0, 00)

185



N

-

Figure 10.1: y = 2> — 1

Example 10.2. Sketch a graph of the function y = ig:g

Solution. There is no common factor of numerator and denominator
Symmetries : Replace x by —x

2(—2)%-8 _ 222-8
—22-16  z2-16 Y

Equation does not change, so the graph is symmetric about the y-axis.

x and y intercepts : Substituting y = 0 in the given equation,

2_
we get ff;‘“flz =0

— 222 —-8=0
— 222 =238
= r=—-2,2

— The graph of the function intersecting the x — axisatx = 2 and v = —2
Now, substitute z = 0 in the given equation, we get

_2(0)-8 1
Y="-16 — 2

Therefore the function will intersect y-axis at %

Vertical Asymptotes : Put 2> — 16 = 0
= 22 =16
— r=—-4,4

Therefore, the function has two vertical asymptotes x = 4 and z = —4.
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Table 10.4:
Interval Sign of y
(—o0, —4) | Positive
(—4,—2) | Negative
(— 2, 2) Positive
(2,4) Negative
(4, 00) Positive
Sign of y : The y can change its sign at the point + = —4,—2,2,4. Hence z-axis
divides into 5 open intervals.
_8
End Behaviour : lim,_, ?262%12 = lim, o0 i—% — 2=2
Hence, y=2 is horizontal asymptote. ’
P 23
Derivative : f 2(:1:) = i2—1§
4x(x*—16)—2zx(22° —
NOW, f/<x> - ( (x62)716)(2 8)
= f'(z) = _(x24_8f6)2
2 2 2
Therefore, f”(x) _ _ 48(z-16) (;g(_xlg)§6)(2x)(48z)
For f(z) =
— =44
Table 10.5:
Interval | Sign of f'(z) | Increasing/Decreasing
(—o0, —4) Positive Increasing
(—4,0) Positive Increasing
(0,4) Negative Decreasing
(4, 00) Negative Decreasing
flla)=0 = F&= =0 = 2=0
Table 10.6:
Interval | Sign of () Concavity
(—o00, —4) Positive Concave Up
(—4,0) Negative Concave Down
0,4 Negative Concave Down
g
(4, 00) Positive Concave Up

= The curve concave upward in (—oo, —4)
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z2-16

Figure 10.2: y =

10.5 Tracing of Functions in the form > = f(x)

Example 10.3. Trace the curve y*(1 + z) = 2%(3 — )

Solution. Symmetries: Replace y by—y

(=) (1 +2) =9 (L +2) =273 - x)
Equation does not changes, so the graph is symmetric about x — axis.

x and y intercepts: Substituting y = 0 in the given equation,we get

z?(3—1x) =0
—x=0,3

— The graph of the function intersecting the x — azxis atx = 0 and z = 3.
Now, Substituting x = 0 in the given equation, we get

(—y*) =0
—y=0
Therefore the function will intersect y — axis at 0.

(3—x)x?
14z

Vertical Asymptotes: Since y? =
Putl+2=0
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1+2=0
= x=-1

Therefore, the function has vertical asymptote r = —1

Sign of y: The y can change its sign at the point z = 0, 3. Hence z — axis divides into
3 open intervals

The given equation may be written as

— .%2
yz (8—z)

1+z
—. /3
— y_X T

Pandy = [

Table 10.7:
Interval | Sign of y

(—00,0) | Positive and Negative both
(0,3) Positive and Negative both
(3,00) Not defined

Derivative: Calculating %, we have

Table 10.8:
Interval | Sign of f'(z) | Increasing/Decreasing
(—00,v/3) Positive Increasing
(v/3, 00) Negative Decreasing

Since the curve is symmetrical about x — axis, the second component is the reflection
of the curve in the x — axis. hence, given curve is plotted as given in figure 10.3.
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Figure 10.3:

In-text Exercise 10.1
Sketch the graph of the functions
1. f(z) =25 — 32" + 222
flx) =2 -5z —x+5
. (z—2)%(22 + 3)

2
3
4. 23+ 42 +x — 6
5. (z+3)(x —2)*(z +1)3
6

P14+ 2) =25+ 1)

10.6 Tracing of Curves in Polar Forms

We know the relationship between polar and rectangular coordinates. If the polar coordi-
nates of a point are (r, #) and its rectangular coordinates are (, y) then we have © = r cos 6,
and y = sinf
— 2+ yi=r
and tan = £

2

Example 10.4. Convert rectangular coordinate into polar coordinate for the point (r,0) =

(6, %)
Solution. We have r = 6, 0 = %ﬂ
Therefore, x = r cos 8 = 6 cos %” = 6_71 =-3

andy = rsinf = 6s.in%’r = 6‘/73 =33
Hence, the rectangular Coordinates are (—3, 3v/3)
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Example 10.5. Convert polar coordinate into rectangular coordinate for the point (—2, —2v/ 3)
Solution. We have ©z = —2, Yy = —2/3

and r? = 22 + > = 12 =(=2)? + (—2V/3)?

— 12 =4+12=16

— r=4

Also,tanQZ%:%gzx/g
4

Therefore the polar coordinates are (4, %)

Example 10.6. Trace the curve r = 1.

Solution. For the given curve the value of r is always 1 with respect to any value of 6.
Therefore trace the circle at the unit distance from the origin as given in figure 10.4.

Z

-2

Figure 10.4: r =1

Example 10.7. Trace the curve 6 = 7.

Solution. For the given curve the value of 6 is always 7 with respect to any value of .
Therefore trace the line at the angle 7 from the origin as given in figure 10.5.

/

Figure 10.5: 6 =
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Example 10.8. Trace the curve r = sin 6 .

Solution. Table 10.9 shows the coordinates of points of r = sin 6.

Table 10.9:
0 | r=sind (r,0)
0 0 (0,0)
s 1 (l )
6 2 26
s V3 (ﬁ )
3 1 (1,%)
2 V3 (ﬁ 2m)
3 2 2 3
5 1 (L, 5m)
6 2 206
T 0 (0, )

Figure 10.6: r = sin 6

In-text Exercise 10.2

Find the rectangular coordinate for the given polar coordinates.
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4. (0,—m)

Find the polar coordinate for the given rectangular coordinates

© x® =2 W
—~ —~ —~ ~— ~—~
|

10.7 Summary

1. Sketch the graph of Rational or Polynomial function f(z) = ggg

Q(z) = 1) if there is no common factor of P(z) and Q(x).

(for Polynomial

* Step 1: (Symmetries) Check that the graph is symmetry about the y-axis or the
origin.

» Step 2 : (z and y intercepts) Identify all those points where graph intersects x
and y-axis.
Step 3 : (Vertical Asymptotes) Identify all the values of = after putting Q(x) =
0.At each of these values the graph has vertical asymptope.

* Step 4 : (Sign of f(z)) Locate all those points at which f(z) can change signs.
These points are at the vertical asymptotes or where graph intersect at z — axis.
Find the interval where f(x) is positive or negative with the help of these points.

* Step 5 : (End Behaviour) Check the behaviour of f(z) when x tends to co and
—o00. We get any finite value of f(z) (say ) then y = [ is horizontal asymptote.

* Step 6 : (Derivative) Find first and second derivative of function i.e. f’(z) and

f" ().

* Step 7 : (Conclusion and Graph) When we find derivative of f(x) then we con-
clude that where the graph of increasing or decreasing with the help of deriva-
tive. After computing the second derivative, we can conclude that where the
graph is concave up and concave down with the help of first and second deriva-
tive test.
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2. Convert Polar coordinates to Rectangular Coordinates

r=rcosf, y=rsinf
3. Convert Rectangular coordinates to Polar Coordinates

X

10.8 Self Assessment Exercises

Sketch the graph of rational functions.

L fz) =32
2. flz) = 75
3. flo) = 45
4. flo) = 5t

T 2
5. flz) = &5

6. Find the rectangular coordinate of (7, )

7. Find the polar coordinate of (—5,0) Sketch the graph of given curves in polar form

8. 82%
9. r=3
10. » = 6sind

11. r=3(1 +sinf

12. r =4 —4cosb

13. r=—1—cosf

14. r =3 —sinf

15. r =5+ 3sind

16. r = —3 — 4sinf
17. r? = 16sin 20

18. r =46 (0 <0)
19. r = —2cos 26

20. r =9sin46
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10.9 Solution to In-Text Exercises

Exercise 10.1

1.
’ \ARRE"
Figure 10.7: f(z) = 2% — 32 + 222
2.
Figure 10.8: f(z) =2 — 522 —x +5
3.

Figure 10.9: (z — 2)2(2z + 3)
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Figure 10.10: 23 + 422 + 2 — 6

40
N

V

Figure 10.11: (z + 3)(z — 2)*(z + 1)?

-40

10

AN

10

Figure 10.12: y*(1 + z) = z(5 + )

196



Exercise 10.2
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Solution of Self Assessment Exercise

198



Lermnisrms

Four-petal rose

20. | 9
#

Eight-petal rose
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